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Foreword

The aim of this b o ok is to teac h y ou the essen tials of sp ectral collo cation

metho ds with the aid of fort y short Ma tlab

R


programs, or \M-�les".* The

programs are a v ailable online at http://www.comlab.ox.ac.uk /ou cl/w ork/

nick.trefethen , and y ou will run them and mo dify them to solv e all kinds

of ordinary and partial di�eren tial equations (ODEs and PDEs) connected

with problems in 
uid mec hanics, quan tum mec hanics, vibrations, linear and

nonlinear w a v es, complex analysis, and other �elds. Concerning prerequisites,

it is assumed that the w ords just written ha v e meaning for y ou, that y ou ha v e

some kno wledge of n umerical metho ds, and that y ou already kno w Ma tlab.

If y ou lik e computing and n umerical mathematics, y ou will enjo y w orking

through this b o ok, whether alone or in the classro om|and if y ou learn a few

new tric ks of Ma tlab along the w a y , that's ok to o!

Sp ectral metho ds are one of the \big three" tec hnologies for the n umeri-

cal solution of PDEs, whic h came in to their o wn roughly in successiv e decades:

1950s: �nite di�erence metho ds

1960s: �nite elemen t metho ds

1970s: sp ectral metho ds

Naturally , the origins of eac h tec hnology can b e traced further bac k. F or

sp ectral metho ds, some of the ideas are as old as in terp olation and expansion,

* Ma tlab is a registered trademark of The MathW orks, Inc., 2 Apple Hill Driv e, Na-

tic k, MA 01760-2098, USA, tel. 508-647-7000, fax 508-647-7001, info@mathworks.c om ,

http://www.mathw ork s. co m .
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and more sp eci�cally algorithmic dev elopmen ts arriv ed with Lanczos as early

as 1938 [Lan38,Lan56] and with Clensha w, Elliott, F o x and others in the

1960s [F oP a68]. Then, in the 1970s, a transformation of the �eld to ok place

initiated b y w ork b y Orszag and others on problems in 
uid dynamics and

meteorology , and sp ectral metho ds b ecame famous. Three landmarks of the

early mo dern sp ectral metho ds literature w ere the short b o ok b y Gottlieb and

Orszag [GoOr77], the surv ey b y Gottlieb, Hussaini, and Orszag [GHO84], and

the monograph b y Can uto, Hussaini, Quarteroni and Zang [CHQZ88]. Other

b o oks ha v e b een con tributed since then b y Mercier [Mer89], Bo yd [Bo y00] (�rst

edition in 1989), F unaro [F un92], Bernardi and Mada y [BeMa92], F orn b erg

[F or96], and Karniadakis and Sherwin [KaSh99].

If one w an ts to solv e an ODE or PDE to high accuracy on a simple domain,

and if the data de�ning the problem are smo oth, then sp ectral metho ds are

usually the b est to ol. They can often ac hiev e ten digits of accuracy where a

�nite di�erence or �nite elemen t metho d w ould get t w o or three. A t lo w er

accuracies, they demand less computer memory than the alternativ es.

This short textb o ok presen ts some of the fundamen tal ideas and tec hniques

of sp ectral metho ds. It is aimed at an y one who has �nished a n umerical

analysis course and is familiar with the basics of applied ODEs and PDEs. Y ou

will see that a remark able range of problems can b e solv ed to high precision

b y a few lines of Ma tlab in a few seconds of computer time. Pla y with the

programs; mak e them y our o wn! The exercises at the end of eac h c hapter will

help get y ou started.

I w ould lik e to highligh t three mathematical topics presen ted here that,

while kno wn to exp erts, are not usually found in textb o oks. The �rst, in

Chapter 4, is the connection b et w een the smo othness of a function and the

rate of deca y of its F ourier transform, whic h determines the size of the aliasing

errors in tro duced b y discretization; these connections explain ho w the accu-

racy of sp ectral metho ds dep ends on the smo othness of the functions b eing

appro ximated. The second, in Chapter 5, is the analogy b et w een ro ots of

p olynomials and electric p oin t c harges in the plane, whic h leads to an ex-

planation in terms of p oten tial theory of wh y grids for non-p erio dic sp ectral

metho ds need to b e clustered at b oundaries. The third, in Chapter 8, is the

three-w a y link b et w een Cheb yshev series on [ � 1 ; 1], trigonometric series on

[ � � ; � ], and Lauren t series on the unit circle, whic h forms the basis of the

tec hnique of computing Cheb yshev sp ectral deriv ativ es via the F ast F ourier

T ransform. All three of these topics are b eautiful mathematical sub jects in

their o wn righ t, w ell w orth learning for an y applied mathematician.

If y ou are determined to mo v e immediately to applications without pa ying

to o m uc h atten tion to the underlying mathematics, y ou ma y wish to turn

directly to Chapter 6. Most of the applications app ear in Chapters 7{14.

Inevitably , this b o ok co v ers only a part of the sub ject of sp ectral meth-

o ds. It emphasizes collo cation (\pseudosp ectral") metho ds on p erio dic and on
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Cheb yshev grids, sa ying next to nothing ab out the equally imp ortan t Galerkin

metho ds and Legendre grids and p olynomials. The theoretical analysis is v ery

limited, and simple to ols for simple geometries are emphasized rather than

the \industrial strength" metho ds of sp ectral elemen ts and hp �nite elemen ts.

Some indications of omitted topics and other p oin ts of view are giv en in the

Afterw ord.

A new era in scien ti�c computing has b een ushered in b y the dev elopmen t

of Ma tlab . One can no w presen t adv anced n umerical algorithms and solu-

tions of non trivial problems in complete detail with great brevit y , co v ering

more applied mathematics in a few pages that w ould ha v e b een imaginable a

few y ears ago. By sacri�cing sometimes (not alw a ys!) a certain factor in ma-

c hine e�ciency compared with lo w er-lev el languages suc h as F ortran or C, one

obtains with Ma tlab a remark able h uman e�ciency|an abilit y to mo dify

a program and try something new, then something new again, with unprece-

den ted ease. This short b o ok is o�ered as an encouragemen t to studen ts,

scien tists, and engineers to b ecome skilled at this new kind of computing.
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A Note on the Matlab Programs

The Ma tlab programs in this b o ok are terse. I ha v e tried to mak e eac h

one compact enough to �t on a single page, and most often, on half a page.

Of course, there is a message in this st yle, whic h is the message of this b o ok:

y ou can do an astonishing amoun t of serious computing in a few inc hes of

computer co de! And there is another message, to o. The b est discipline for

making sure y ou understand something is to simplify it, simplify it relen tlessly .

Without a doubt, readabilit y is sometimes impaired b y this obsession with

compactness. F or example, I ha v e often com bined t w o or three short Ma tlab

commands on a single program line. Y ou ma y prefer a lo oser st yle, and that

is �ne. What's b est for a prin ted b o ok is not necessarily what's b est for one's

p ersonal w ork.

Another idiosyncrasy of the programming st yle in this b o ok is that the

structure is 
at: with the exception of a crucial function cheb de�ned in

Chapter 6 and used rep eatedly thereafter, I mak e almost no use of functions.

(Three further functions chebfft , clencurt , and gauss are in tro duced in

Chapters 8 and 12, but eac h is used just lo cally .) This st yle has the virtue

of emphasizing ho w m uc h can b e ac hiev ed compactly , but as a general rule,

Ma tlab programmers should mak e regular use of functions.

Quite a bit migh t ha v e b een written to explain the details of eac h program,

for there are tric ks throughout this b o ok that will b e unfamiliar to some read-

ers. T o k eep the discussion fo cused on sp ectral metho ds, I made a delib erate

decision not to men tion these Ma tlab details except in a v ery few cases.

This means that as y ou w ork with the b o ok, y ou will ha v e to study the pro-

grams, not just read them. What is this \ pol2cart " command in Program 28
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(p. 120)? What's going on with the index v ariable \ b " in Program 36 (p. 142)?

Y ou will only understand the answ ers to questions lik e these after y ou ha v e

sp en t time with the co des and adapted them to solv e y our o wn problems. I

think this is part of the fun of using this b o ok, and I hop e y ou agree.

The programs listed in these pages w ere included as M-�les directly in to

the L

A

T

E

X source �le, so all should run correctly as sho wn. The outputs dis-

pla y ed are exactly those pro duced b y running the programs on m y mac hine.

There w as a decision in v olv ed here. Did w e really w an t to clutter the text

with endless formatting and Handle Graphics commands suc h as fontsize ,

linewidth , subplot , and pbaspect , whic h ha v e nothing to do with the math-

ematics? In the end I decided that y es, w e did. I w an t y ou to b e able to

do wnload these programs and get b eautiful results immediately . Equally im-

p ortan t, exp erience has sho wn me that the formatting and graphics details

of Ma tlab are an area of this language where man y users are particularly

grateful for some help.

My p ersonal Ma tlab setup is nonstandard in one small w a y: I ha v e a �le

startup.m that con tains the line set(0,'defaultaxesfontsiz e',1 2) . This

mak es text app ear b y default sligh tly larger than it otherwise w ould.

The programs in this b o ok w ere prepared using Ma tlab v ersion 5.3. As

later v ersions are released in up coming y ears, unfortunately , it is lik ely that

some di�culties with the programs will app ear. Up dated co des with appro-

priate mo di�cations will b e made a v ailable online.

T o learn Ma tlab from scratc h, or for an outstanding reference, I recom-

mend SIAM's new MA TLAB Guide , b y Higham and Higham [HiHi00].
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1. Di�erentiation Matrices

Our starting p oin t is a basic question. Giv en a set of grid p oin ts f x

j

g and

corresp onding function v alues f u ( x

j

) g , ho w can w e use this data to appro xi-

mate the deriv ativ e of u ? Probably the metho d that immediately springs to

mind is some kind of �nite di�erence form ula. It is through �nite di�erences

that w e shall motiv ate sp ectral metho ds.

T o b e sp eci�c, consider a uniform grid f x

1

; : : : ; x

N

g , with x

j +1

� x

j

= h

for eac h j , and a set of corresp onding data v alues f u

1

; : : : ; u

N

g :

x

1

x

2

x

N

u

1

u

2

u

N

Let w

j

denote the appro ximation to u

0

( x

j

), the deriv ativ e of u at x

j

. The

standard second-order �nite di�erence appro ximation is

w

j

=

u

j +1

� u

j � 1

2 h

; (1.1)

whic h can b e deriv ed b y considering the T a ylor expansions of u ( x

j +1

) and

u ( x

j � 1

). F or simplicit y , let us assume that the problem is p erio dic and tak e

u

0

= u

N

and u

1

= u

N +1

. Then w e can represen t the discrete di�eren tiation
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pro cess as a matrix-v ector m ultiplication,

0

B

B

B

B

B

B

B

B

B

@

w

1

.

.

.

w

N

1

C

C

C

C

C

C

C

C

C

A

= h

� 1

0

B

B

B

B

B

B

B

B

B

@

0

1

2

�

1

2

�

1

2

0

.

.

.

.

.

.

.

.

.

0

1

2

1

2

�

1

2

0

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

B

@

u

1

.

.

.

u

N

1

C

C

C

C

C

C

C

C

C

A

: (1.2)

(Omitted en tries here and in other sparse matrices in this b o ok are zero.)

Observ e that this matrix is T o eplitz , ha ving constan t en tries along diagonals,

i.e., a

ij

dep ends only on i � j . In fact, it is also cir culant , meaning that a

ij

dep ends only on ( i � j ) (mo d N ). The diagonals \wrap around" the matrix.

An alternativ e w a y to deriv e (1.1) and (1.2) is b y the follo wing pro cess of

lo cal in terp olation and di�eren tiation:

F or j = 1 ; 2 ; : : : ; N .

� L et p

j

b e the unique p olynomial of de gr e e � 2 with p

j

( x

j � 1

) = u

j � 1

, p

j

( x

j

) =

u

j

, and p

j

( x

j +1

) = u

j +1

.

� Set w

j

= p

0

j

( x

j

) .

It is easily seen that, for �xed j , the in terp olan t p

j

is giv en b y

p

j

( x ) = u

j � 1

a

� 1

( x ) + u

j

a

0

( x ) + u

j +1

a

1

( x ) ;

where a

� 1

( x ) = ( x � x

j

)( x � x

j +1

) = 2 h

2

, a

0

( x ) = � ( x � x

j � 1

)( x � x

j +1

) =h

2

,

and a

1

( x ) = ( x � x

j � 1

)( x � x

j

) = 2 h

2

. Di�eren tiating and ev aluating at x = x

j

then giv es (1.1).

This deriv ation b y lo cal in terp olation mak es it clear ho w w e can generalize

to higher orders. Here is the fourth-order analogue:

F or j = 1 ; 2 ; : : : ; N .

� L et p

j

b e the unique p olynomial of de gr e e � 4 with p

j

( x

j � 2

) = u

j � 2

,

p

j

( x

j � 1

) = u

j � 1

, and p

j

( x

j

) = u

j

.

� Set w

j

= p

0

j

( x

j

) .

Again assuming p erio dicit y of the data, it can b e sho wn that this prescription
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amoun ts to the matrix-v ector pro duct
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� 1

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

.

.

1

12

�

2

3

.

.

.

�

1

12

1

12

.

.

.

2

3

.

.

.

.

.

.

0

.

.

.

.

.

.

�

2

3

.

.

.

�

1

12

1

12

.

.

.

2

3

�

1

12

.
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B

B
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B

B

B

B

B

B

B
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@
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1

.

.

.

u

N

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

: (1.3)

This time w e ha v e a p en tadiagonal instead of tridiagonal circulan t matrix.

The matrices of (1.2) and (1.3) are examples of di�er entiation matric es .

They ha v e order of accuracy t w o and four, resp ectiv ely . That is, for data

u

j

obtained b y sampling a su�cien tly smo oth function u , the corresp onding

discrete appro ximations to u

0

( x

j

) will con v erge at the rates O ( h

2

) and O ( h

4

)

as h ! 0, resp ectiv ely . One can v erify this b y considering T a ylor series.

Our �rst Ma tlab program, Program 1, illustrates the b eha vior of (1.3).

W e tak e u ( x ) = e

sin( x )

to giv e p erio dic data on the domain [ � � ; � ]:

� � x

1

x

2

x

N

= �

The program compares the �nite di�erence appro ximation w

j

with the exact

deriv ativ e, e

sin( x

j

)

cos ( x

j

), for v arious v alues of N . Because it mak es use of

Ma tlab sparse matrices, this co de runs in a fraction of a second on a w ork-

station, ev en though it manipulates matrices of dimensions as large as 4096

[GMS92]. The results are presen ted in Output 1, whic h plots the maxim um

error on the grid against N . The fourth-order accuracy is apparen t. This is

our �rst and last example that do es not illustrate a sp ectral metho d!

W e ha v e lo ok ed at second- and fourth-order �nite di�erences, and it is

clear that consideration of sixth-, eigh th-, and higher-order sc hemes will lead to

circulan t matrices of increasing bandwidth. The idea b ehind sp ectral metho ds

is to tak e this pro cess to the limit, at least in principle, and w ork with a

di�eren tiation form ula of in�nite order and in�nite bandwidth|i.e., a dense

matrix [F or75]. In the next c hapter w e shall sho w that in this limit, for an
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Program 1

% p1.m - convergence of fourth-order finite differences

% For various N, set up grid in [-pi,pi] and function u(x):

Nvec = 2.^(3:12);

clf, subplot('position',[.1 .4 .8 .5])

for N = Nvec

h = 2*pi/N; x = -pi + (1:N)'*h;

u = exp(sin(x)); uprime = cos(x).*u;

% Construct sparse 4th-order differentiation matrix:

e = ones(N,1);

D = sparse(1:N,[2:N 1],2*e/3,N,N)...

- sparse(1:N,[3:N 1 2],e/12,N,N);

D = (D-D')/h;

% Plot max(abs(D*u-uprime)):

error = norm(D*u-uprime,inf);

loglog(N,error,'.','mar kers ize' ,15 ), hold on

end

grid on, xlabel N, ylabel error

title('Convergence of 4th-order finite differences')

semilogy(Nvec,Nvec.^(-4), '--' )

text(105,5e-8,'N^{-4}','f onts ize' ,18 )

Output 1

10
0

10
1

10
2

10
3

10
4

10
�15

10
� 10

10
� 5

10
0

N

er
ro

r

Convergence of 4th� order finite differences

N� 4

Output 1: F ourth-or der c onver genc e of the �nite di�er enc e di�er entiation pr o-

c ess (1.3) . The use of sp arse matric es p ermits high values of N .
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in�nite equispaced grid, one obtains the follo wing in�nite matrix:

D = h

� 1

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

.

.

.

.

.

1

3

.

.

.

�

1

2

.

.

.

1

0

� 1

.

.

.

1

2

.

.

.

�

1

3

.

.

.

.

.

.

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

: (1.4)

This is a sk ew-symmetric ( D

T

= � D ) doubly in�nite T o eplitz matrix, also

kno wn as a L aur ent op er ator [Hal74,Wid65]. All its en tries are nonzero except

those on the main diagonal.

Of course, in practice one do es not w ork with an in�nite matrix. F or a

�nite grid, here is the design principle for sp ectral collo cation metho ds:

� L et p b e a single function (indep endent of j ) such that p ( x

j

) = u

j

for al l j .

� Set w

j

= p

0

( x

j

) .

W e are free to c ho ose p to �t the problem at hand. F or a p erio dic domain, the

natural c hoice is a trigonometric p olynomial on an equispaced grid, and the

resulting \F ourier" metho ds will b e our concern through Chapter 4 and in ter-

mitten tly in later c hapters. F or non-p erio dic domains, algebraic p olynomials

on irregular grids are the righ t c hoice, and w e will describ e the \Cheb yshev"

metho ds of this t yp e b eginning in Chapters 5 and 6.

F or �nite N , taking N ev en for simplicit y , here is the N � N dense matrix

w e will deriv e in Chapter 3 for a p erio dic, regular grid:

D

N

=

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

.

.

.

.

.

1

2

cot

3 h

2

.

.

.

�

1

2

cot

2 h

2

.

.

.

1

2

cot

1 h

2

0

�

1

2

cot

1 h

2

.

.

.

1

2

cot

2 h

2

.

.

.

�

1

2

cot

3 h

2

.

.

.

.

.

.

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

: (1.5)
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Program 2

% p2.m - convergence of periodic spectral method (compare p1.m)

% For various N (even), set up grid as before:

clf, subplot('position',[.1 .4 .8 .5])

for N = 2:2:100;

h = 2*pi/N;

x = -pi + (1:N)'*h;

u = exp(sin(x)); uprime = cos(x).*u;

% Construct spectral differentiation matrix:

column = [0 .5*(-1).^(1:N-1).*cot((1:N -1)* h/2 )];

D = toeplitz(column,column( [1 N:-1:2]));

% Plot max(abs(D*u-uprime)):

error = norm(D*u-uprime,inf);

loglog(N,error,'.','mar kers ize' ,15 ), hold on

end

grid on, xlabel N, ylabel error

title('Convergence of spectral differentiation')

Output 2

10
0

10
1

10
2

10
� 15

10
� 10

10
� 5

10
0

N

er
ro

r

Convergence of spectral differentiation

Output 2: \Sp e ctr al ac cur acy" of the sp e ctr al metho d (1.5) , until the r ounding

err ors take over ar ound 10

� 14

. Now the matric es ar e dense, but the values of

N ar e much smal ler than in Pr o gr am 1 .
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A little manipulation of the cotangen t function rev eals that this matrix is

indeed circulan t as w ell as T o eplitz (Exercise 1.2).

Program 2 is the same as Program 1 except with (1.3) replaced b y (1.5).

What a di�erence it mak es in the results! The errors in Output 2 decrease

v ery rapidly un til suc h high precision is ac hiev ed that rounding errors on the

computer prev en t an y further impro v emen t.* This remark able b eha vior is

called sp e ctr al ac cur acy . W e will giv e this phrase some precision in Chapter 4,

but for the momen t, the p oin t to note is ho w di�eren t it is from con v ergence

rates for �nite di�erence and �nite elemen t metho ds. As N increases, the

error in a �nite di�erence or �nite elemen t sc heme t ypically decreases lik e

O ( N

� m

) for some constan t m that dep ends on the order of appro ximation

and the smo othness of the solution. F or a sp ectral metho d, con v ergence at

the rate O ( N

� m

) for every m is ac hiev ed, pro vided the solution is in�nitely

di�eren tiable, and ev en faster con v ergence at a rate O ( c

N

) (0 < c < 1) is

ac hiev ed if the solution is suitably analytic.

The matrices w e ha v e describ ed ha v e b een circulan t. The action of a

circulan t matrix is a con v olution, and as w e shall see in Chapter 3, con v olutions

can b e computed using a discrete F ourier transform. Historically , it w as the

disco v ery of the F ast F ourier T ransform (FFT) for suc h problems in 1965 that

led to the surge of in terest in sp ectral metho ds in the 1970s. W e shall see in

Chapter 8 that the FFT is applicable not only to trigonometric p olynomials

on equispaced grids, but also to algebraic p olynomials on Cheb yshev grids.

Y et sp ectral metho ds implemen ted without the FFT are p o w erful, to o, and in

man y applications it is quite satisfactory to w ork with explicit matrices. Most

problems in this b o ok are solv ed via matrices.

Summa ry of this chapter. The fundamen tal principle of sp ectral collo cation

metho ds is, giv en discrete data on a grid, in terp olate the data globally , then

ev aluate the deriv ativ e of the in terp olan t on the grid. F or p erio dic prob-

lems, w e normally use trigonometric in terp olan ts in equispaced p oin ts, and

for non-p erio dic problems, w e normally use p olynomial in terp olan ts in un-

ev enly spaced p oin ts.

Exercises

1.1. W e deriv ed the en tries of the tridiagonal circulan t matrix (1.2) b y lo cal p oly-

nomial in terp olation. Deriv e the en tries of the p en tadiagonal circulan t matrix (1.3)

in the same manner.

* All our calculations are done in standard IEEE double precision arithmetic with �

mac hine

=

2

� 53

� 1 : 11 � 10

� 16

. This means that eac h addition, m ultiplication, division and subtraction

pro duces the exactly correct result times some factor 1 + � with j � j � �

mac hine

. See [Hig96]

and [T rBa97].
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1.2. Sho w that (1.5) is circulan t.

1.3. The dots of Output 2 lie in pairs. Wh y? What prop ert y of e

sin( x )

giv es rise to

this b eha vior?

1.4. Run Program 1 to N = 2

16

instead of 2

12

. What happ ens to the plot of

error vs. N ? Wh y? Use the Ma tlab commands tic and toc to generate a plot of

appro ximately ho w the computation time dep ends on N . Is the dep endence linear,

quadratic, or cubic?

1.5. Run Programs 1 and 2 with e

sin( x )

replaced b y (a) e

sin

2

( x )

and (b) e

sin( x ) j sin ( x ) j

and with uprime adjusted appropriately . What rates of con v ergence do y ou observ e?

Commen t.

1.6. By manipulating T a ylor series, determine the constan t C for an error expansion

of (1.3) of the form w

j

� u

0

( x

j

) � C h

4

u

(5)

( x

j

), where u

(5)

denotes the �fth deriv ativ e.

Based on this v alue of C and on the form ula for u

(5)

( x ) with u ( x ) = e

sin( x )

, determine

the leading term in the expansion for w

j

� u

0

( x

j

) for u ( x ) = e

sin( x )

. (Y ou will ha v e

to �nd max

x 2 [ � � ;� ]

j u

(5)

( x ) j n umerically .) Mo dify Program 1 so that it plots the

dashed line corresp onding to this leading term rather than just N

� 4

. This adjusted

dashed line should �t the data almost p erfectly . Plot the di�erence b et w een the t w o

on a log-log scale and v erify that it shrinks at the rate O ( h

6

).



2. Unbounded Grids: the Semidiscrete

Fourier Transform

W e no w deriv e our �rst sp ectral metho d, as giv en b y the doubly in�nite matrix

of (1.4). This sc heme applies to a discrete, un b ounded domain, so it is not a

practical metho d. Ho w ev er, it do es in tro duce the mathematical ideas needed

for the deriv ation and analysis of the practical sc hemes w e shall see later.

Our in�nite grid is denoted b y h Z , with grid p oin ts x

j

= j h for j 2 Z , the

set of all in tegers:

x

j

x

j +1

h

W e shall deriv e (1.4) b y v arious metho ds based on the k ey ideas of the semidis-

crete F ourier transform and band-limited sinc function in terp olation. Be-

fore discretizing, w e review the con tin uous case [DyMc86,Kat76,K• or90]. The

F ourier tr ansform of a function u ( x ), x 2 R is the function ^u ( k ) de�ned b y

^u ( k ) =

Z

1

�1

e

� ik x

u ( x ) dx; k 2 R : (2.1)

The n um b er ^ u ( k ) can b e in terpreted as the amplitude densit y of u at w a v en um-

b er k , and this pro cess of decomp osing a function in to its constituen t w a v es

is called F ourier analysis . Con v ersely , w e can reconstruct u from ^u b y the
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in v erse F ourier transform:*

u ( x ) =

1

2 �

Z

1

�1

e

ik x

^u ( k ) dk ; x 2 R : (2.2)

This is F ourier synthesis . The v ariable x is the physic al variable, and k is the

F ourier variable or wavenumb er .

W e w an t to consider x ranging o v er h Z rather than R . Precise analogues

of the F ourier transform and its in v erse exist for this case. The crucial p oin t is

that b ecause the spatial domain is discrete, the w a v en um b er k will no longer

range o v er all of R . Instead, the appropriate w a v en um b er domain is a b ounded

in terv al of length 2 � =h , and one suitable c hoice is [ � � =h; � =h ]. Remem b er, k

is b ounde d b ecause x is discr ete:

Ph ysical space : discrete ; un b ounded : x 2 h Z

l l

F ourier space : b ounded ; con tin uous : k 2 [ � � =h; � =h ]

The reason for these connections is the phenomenon kno wn as aliasing . Tw o

complex exp onen tials f ( x ) = exp ( ik

1

x ) and g ( x ) = exp ( ik

2

x ) are unequal

o v er R if k

1

6= k

2

. If w e restrict f and g to h Z , ho w ev er, they tak e v alues f

j

=

exp ( ik

1

x

j

) and g

j

= exp ( ik

2

x

j

), and if k

1

� k

2

is an in teger m ultiple of 2 � =h ,

then f

j

= g

j

for eac h j . It follo ws that for an y complex exp onen tial exp ( ik x ),

there are in�nitely man y other complex exp onen tials that matc h it on the grid

h Z | \aliases" of k . Consequen tly it su�ces to measure w a v en um b ers for the

grid in an in terv al of length 2 � =h , and for reasons of symmetry , w e c ho ose the

in terv al [ � � =h; � =h ].

Figure 2.1 illustrates aliasing of the functions sin ( � x ) and sin(9 � x ). The

dots represen ts restrictions to the grid

1

4

Z , where these t w o functions are

iden tical.

Aliasing o ccurs in non-mathematical life, to o, for example in the \w agon

wheel e�ect" in w estern mo vies. If, sa y , the sh utter of a camera clic ks 24 times

a second and the sp ok es on a w agon wheel pass the v ertical 20 times a second,

then it lo oks as if the wheel is rotating at the rate of � 4 sp ok es p er second,

i.e., bac kw ards. Higher-frequency analogues of the same phenomenon are the

basis of the science of strob oscop y , and a spatial rather than temp oral v ersion

of aliasing causes Moir � e patterns.

F or a function v de�ned on h Z with v alue v

j

at x

j

, the semidiscr ete F ourier

tr ansform is de�ned b y

^v ( k ) = h

1

X

j = �1

e

� ik x

j

v

j

; k 2 [ � � =h; � =h ] ; (2.3)

* F orm ulas (2.1) and (2.2) are v alid, for example, for u; ^u 2 L

2

( R ), the Hilb ert space of

complex square-in tegrable measurable functions on R [LiLo97]. Ho w ev er, this b o ok will

a v oid most tec hnicalities of measure theory and functional analysis.
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� 1

� 1

� 0 : 5

� 0 : 5

0

0

0.5

0.5

1

1� 0 : 75 � 0 : 25 0.25 0.75

Fig. 2.1. A n example of aliasing. On the grid

1

4

Z , the functions sin ( � x ) and

sin(9 � x ) ar e identic al.

and the inverse semidiscr ete F ourier tr ansform * is

v

j

=

1

2 �

Z

� =h

� � =h

e

ik x

j

^v ( k ) dk ; j 2 Z : (2.4)

Note that (2.3) appro ximates (2.1) b y a trap ezoid rule, and (2.4) appro ximates

(2.2) b y truncating R to [ � � =h; � =h ]. As h ! 0, the t w o pairs of form ulas

con v erge.

If the expression \semidiscrete F ourier transform" is unfamiliar, that ma y

b e b ecause w e ha v e giv en a new name to an old concept. A F ourier series

represen ts a function on a b ounded in terv al as a sum of complex exp onen tials

at discrete w a v en um b ers, as in (2.3). W e ha v e used the term semidiscrete

F ourier transform to emphasize that our concern here is the in v erse problem:

it is the \space" v ariable that is discrete and the \F ourier" v ariable that is a

b ounded in terv al. Mathematically , there is no di�erence from the theory of

F ourier series, whic h is presen ted in n umerous b o oks and is one of the most

extensiv ely w ork ed branc hes of mathematics.

F or sp ectral di�eren tiation, w e need an in terp olan t, and the in v erse trans-

form (2.4) will giv e us one. All w e need to do is ev aluate the same form ula for

x 2 R rather than just x

j

2 h Z . That is, after determining ^v , w e de�ne our

in terp olan t p b y

p ( x ) =

1

2 �

Z

� =h

� � =h

e

ik x

^v ( k ) dk ; x 2 R : (2.5)

This is an analytic function of x ,

y

with p ( x

j

) = v

j

for eac h j . Moreo v er, b y

* These form ulas hold for v 2 l

2

( Z ) (the set of square-summable grid functions) and ^v 2

L

2

[ � � =h; � =h ] (the set of square-in tegrable measurable functions on [ � � =h; � =h ]).

y

A function f is analytic (or holomorphic ) at a p oin t z 2 C if it is di�eren tiable in the

complex sense in a neigh b orho o d of z , or equiv alen tly , if its T a ylor series con v erges to f
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construction, the F ourier transform ^p , de�ned b y (2.1), is

^p ( k ) =

(

^v ( k ) k 2 [ � � =h; � =h ] ;

0 otherwise :

Th us ^p has compact supp ort in [ � � =h; � =h ]. W e sa y that p is the b and-limite d

interp olant of v , b y whic h w e mean not just that ^p has compact supp ort, but

that this supp ort is con tained in the particular in terv al [ � � =h; � =h ]. Although

there are an in�nite n um b er of p ossible in terp olan ts for an y grid function, there

is only one band-limited in terp olan t de�ned in this sense. This result is kno wn

in as the sampling the or em and is asso ciated with the names of Whittak er,

Shannon, and Nyquist [Hig85,OpSc89].

W e are ready to giv e our �rst t w o descriptions of sp ectral di�eren tiation

of a function v de�ned on h Z . Here is one:

� Given v , determine its b and-limite d interp olant p by (2.5) .

� Set w

j

= p

0

( x

j

) .

Another is obtained b y sa ying the same thing in F ourier space. If u is a

di�eren tiable function with F ourier transform ^u , then the F ourier transform

of u

0

is ik ^u ( k ):

b

u

0

( k ) = ik ^u ( k ) : (2.6)

This result can b e obtained b y di�eren tiating (2.2) or (2.5) with resp ect to x .

And th us w e ha v e an equiv alen t pro cedure for sp ectral di�eren tiation:

� Given v , c ompute its semidiscr ete F ourier tr ansform ^v by (2.3) .

� De�ne ^w ( k ) = ik ^v ( k ) .

� Compute w fr om ^w by (2.4) .

Both of these descriptions of sp ectral di�eren tiation are mathematically

complete, but w e ha v e not y et deriv ed the co e�cien ts of the matrix (1.4).

T o do this, w e can use the F ourier transform to go bac k and get a fuller

understanding of the band-limited in terp olan t p ( x ). Let � b e the Kr one cker

delta function,

�

j

=

(

1 j = 0 ;

0 j 6= 0 :

(2.7)

in a neigh b orho o d of z [Ahl79,Hen74,Hil62]. In (2.5), p ( x ) is analytic, for example, for

^v 2 L

1

[ � � =h; � =h ], hence in particular if ^v is in the smaller class L

2

[ � � =h; � =h ]. This is

equiv alen t to the condition v 2 `

2

( Z ).
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By (2.3), the semidiscrete F ourier transform of � is a constan t:

^

� ( k ) = h for

all k 2 [ � � =h; � =h ]. By (2.5), the band-limited in terp olan t of � is accordingly

p ( x ) =

h

2 �

Z

� =h

� � =h

e

ik x

dk =

sin ( � x=h )

� x=h

(with the v alue 1 at x = 0). This famous and b eautiful function is called the

sinc function ,

S

h

( x ) =

sin( � x=h )

� x=h

: (2.8)

Sir Edm und Whittak er called S

1

\ : : : a function of ro y al blo o d in the family

of en tire functions, whose distinguished prop erties separate it from its b our-

geois brethren" [Whi15]. F or m uc h more ab out sinc functions and asso ciated

n umerical metho ds, see [Ste93].

No w that w e kno w ho w to in terp olate the delta function, w e can in terp olate

an ything. Band-limited in terp olation is a translation-in v arian t pro cess in the

sense that for an y m , the band-limited in terp olan t of �

j � m

is S

h

( x � x

m

). A

general grid function v can b e written

v

j

=

1

X

m = �1

v

m

�

j � m

; (2.9)

so it follo ws b y the linearit y of the semidiscrete F ourier transform that the

band-limited in terp olan t of v is a linear com bination of translated sinc func-

tions:

p ( x ) =

1

X

m = �1

v

m

S

h

( x � x

m

) : (2.10)

The deriv ativ e is accordingly

w

j

= p

0

( x

j

) =

1

X

m = �1

v

m

S

0

h

( x

j

� x

m

) : (2.11)

And no w let us deriv e the en tries of the doubly in�nite T o eplitz matrix D of

(1.4). If w e in terpret (2.11) as a matrix equation as in (1.5), w e see that the

v ector S

0

h

( x

j

) is the column m = 0 of D , with the other columns obtained

b y shifting this column up or do wn appropriately . The en tries of (1.4) are

determined b y the calculus exercise of di�eren tiating (2.8) to get

S

0

h

( x

j

) =

8

>

<

>

:

0 j = 0 ;

( � 1)

j

j h

j 6= 0 :

(2.12)
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Program 3

% p3.m - band-limited interpolation

h = 1; xmax = 10; clf

x = -xmax:h:xmax; % computational grid

xx = -xmax-h/20:h/10:xmax+h/2 0; % plotting grid

for plt = 1:3

subplot(4,1,plt)

switch plt

case 1, v = (x==0); % delta function

case 2, v = (abs(x)<=3); % square wave

case 3, v = max(0,1-abs(x)/3); % hat function

end

plot(x,v,'.','markersiz e',1 4), grid on

p = zeros(size(xx));

for i = 1:length(x),

p = p + v(i)*sin(pi*(xx-x(i))/h) ./(p i*(x x-x (i)) /h);

end

line(xx,p,'linewidth',. 7), axis([-xmax xmax -.5 1.5])

set(gca,'xtick',[]), set(gca,'ytick',[0 1])

end

Output 3

0

1

0

1

0

1

Output 3: Band-limite d interp olation of thr e e grid functions; the �rst inter-

p olant is the sinc function S

h

( x ) . Such interp olants ar e the b asis of sp e ctr al

metho ds, but these examples ar e not smo oth enough for high ac cur acy.
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A similar pattern applies to all sp ectral collo cation metho ds. The m th column

of a sp ectral di�eren tiation matrix con tains the v alues p

0

( x

j

), where p ( x ) is

the global in terp olan t through the discrete delta function supp orted at x

m

.

Program 3 illustrates band-limited in terp olation b y plotting three discrete

functions de�ned on Z (i.e., h = 1) together with their band-limited in ter-

p olan ts. It is clear from the �rst of the three plots in Output 3 that the

sinc function is smo oth. The second plot, depicting the in terp olan t of a dis-

crete square w a v e, sho ws that sinc in terp olan ts are not particularly go o d for

appro ximating non-smo oth functions. The oscillations near the discon tin uit y

will not diminish in amplitude as h ! 0, and they are not ev en w ell lo cal-

ized in space. This generation of oscillations near discon tin uities is called the

Gibbs phenomenon . The third plot sho ws a discrete triangular w a v e or \hat

function" and its in terp olan t. Here the in terp olation is somewhat b etter, but

it is still not impressiv e. In fact, as w e will explain in detail in Chapter 4, the

accuracy of the in terp olation dep ends up on the smo othness of u , and these

examples are not v ery smo oth. Eac h extra deriv ativ e p ossessed b y u impro v es

the order of accuracy b y 1.

T o �nd higher order sp ectral deriv ativ es, w e can di�eren tiate p ( x ) sev eral

times. F or example, the result

S

00

h

( x

j

) =

8

>

>

>

<

>

>

>

:

�

�

2

3 h

2

j = 0 ;

2

( � 1)

j +1

j

2

h

2

j 6= 0

(2.13)

tells us the en tries of eac h column of the symmetric doubly in�nite T o eplitz

matrix D

2

corresp onding to the second deriv ativ e:

D

2

v =

2

h

2

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

.

.

.

.

.

.

.

.

�

1

4

.

.

.

1

�

�

2

6

1

.

.

.

�

1

4

.

.

.

.

.

.

.

.

.

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

v : (2.14)

Summa ry of this chapter. A function v on the grid h Z has a unique in terp olan t

p that is band-limited to w a v en um b ers in the in terv al [ � � =h; � =h ]. W e can

compute p

0

on the grid b y ev aluating the in v erse semidiscrete F ourier transform

of ik ^v , or alternativ ely , as a linear com bination of deriv ativ es of translates of

sinc functions.
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Exercises

2.1. Let F denote the F ourier transform op erator de�ned b y (2.1), so that u; v 2

L

2

( R ) ha v e F ourier transforms ^u = F f u g , ^v = F f v g . V erify the follo wing prop er-

ties. Do not w orry ab out rigorously justifying op erations on in tegrals.

(a) Line arity. F f u + v g ( k ) = ^ u ( k ) + ^ v ( k ); F f c u g ( k ) = c ^u ( k ).

(b) T r anslation. If x

0

2 R , then F f u ( x + x

0

) g ( k ) = e

ik x

0

^u ( k ).

(c) Mo dulation. If k

0

2 R , then F f e

ik

0

x

u ( x ) g ( k ) = ^ u ( k � k

0

).

(d) Dilation. If c 2 R with c 6= 0, then F f u ( cx ) g ( k ) = ^ u ( k =c ) = j c j .

(e) Conjugation. F f u g ( k ) = ^u ( � k ).

(f ) Di�er entiation. If u

x

2 L

2

( R ), then F f u

x

g ( k ) = ik ^u ( k ).

(g) Inversion. F

� 1

f u g ( k ) = (2 � )

� 1

^u ( � k ).

2.2. Let u 2 L

2

( R ) ha v e F ourier transform ^u . V erify the follo wing iden tities.

(A hermitian ( skew-hermitian ) function f ( x ) is one with f ( � x ) = f ( x ) ( f ( � x ) =

� f ( x ) ).)

(a) u ( x ) is ev en (o dd) ( ) ^u ( k ) is ev en (o dd);

(b) u ( x ) is real (imaginary) ( ) ^u ( k ) is hermitian (sk ew-hermitian);

(c) u ( x ) is real and ev en ( ) ^u ( k ) is real and ev en;

(d) u ( x ) is real and o dd ( ) ^u ( k ) is imaginary and o dd;

(e) u ( x ) is imaginary and ev en ( ) ^u ( k ) is imaginary and ev en;

(f ) u ( x ) is imaginary and o dd ( ) ^u ( k ) is real and o dd.

2.3. Execute the command plot(sin(1:3000),'.') in Ma tlab . What do y ou

see? What do es this ha v e to do with aliasing? Giv e a quan titativ e answ er, explain-

ing exactly what frequency is b eing aliased b y y our ey e and brain to what other

frequency . Then, for fun, replace 3000 b y 1000 to get a �gure somewhat harder to

explain. (This problem comes from [Str91].)

2.4. Deriv e (2.12) and (2.13).

2.5. The text states that the matrix of (2.14) is the square of that of (1.4). Since

these are in�nite matrices, this amoun ts to an in�nite set of assertions that certain

series sum to certain v alues. What series and what v alues, exactly? In particular,

what series sums to �

2

= 6 ? Sk etc h the argumen t b y whic h, in the text and Exer-

cise 2.4, w e ha v e implicitly calculated this sum of this series, whic h is famous as the

v alue � (2) of the Riemann zeta function.

2.6. W e obtained the en tries of (1.4) b y di�eren tiating the sinc function. Deriv e

the same result b y calculating the in v erse semidiscrete F ourier transform of ik

^

� ( k ).

2.7. Mo dify Program 3 to determine the maxim um error o v er R in the sinc function

in terp olan ts of the square w a v e and the hat function, and to pro duce a log-log plot of

these t w o error maxima as functions of h . (Go o d c hoices for h are 2

� 3

; 2

� 4

; 2

� 5

; 2

� 6

.)

What con v ergence rates do y ou observ e as h ! 0 ?

2.8. Di�eren tiation of u ( x ) = e

ik x

m ultiplies it b y g

1

( k ) = ik . Determine the

analogous functions g

2

( k ) and g

4

( k ) corresp onding to the �nite-di�erence pro cesses

(1.2) and (1.3), and dra w a plot of g

2

( k ), g

4

( k ), and g

1

( k ) vs. k . Where in the plot

do w e see the order of accuracy of a �nite di�erence form ula? (See [F or75], [T re82].)



3. Periodic Grids: the DFT and FFT

W e no w turn to sp ectral di�eren tiation on a b ounded, p erio dic grid. This

pro cess w as stated in the form of an N � N matrix op eration in equation (1.5).

Whereas the last c hapter dealt with the in�nite matrix (1.4) corresp onding to

the un b ounded grid h Z , this c hapter dev elops a practical sc heme for compu-

tation. Mathematically , there are close connections b et w een the t w o sc hemes,

and the deriv ation of our sp ectral metho d will follo w the same pattern as

b efore. The di�erence is that the semi-discrete F ourier transform is replaced

b y the discrete F ourier transform (DFT), whic h can b e computed b y the F ast

F ourier T ransform (FFT).

A t �rst sigh t, the requiremen t of p erio dicit y ma y suggest that this metho d

has limited relev ance for practical problems. Y et p erio dic grids are surprisingly

useful in practice. Often in scien ti�c computing a phenomenon is of in terest

that is unrelated to b oundaries, suc h as the in teraction of solitons in the KdV

equation (see p. 112) or the b eha vior of homogeneous turbulence (a classic

reference is [OrP a72]). F or suc h problems, p erio dic b oundary conditions of-

ten pro v e the b est c hoice for computation. In addition, some geometries are

ph ysically p erio dic, suc h as crystal lattices or ro ws of turbine blades. Finally ,

ev en if the ph ysics is not p erio dic, the co ordinate space ma y b e, as is the case

for a � or � v ariable in a computation in v olving p olar or spherical co ordinates

(see Chapter 11). Indeed, among the most common of all sp ectral metho ds

are metho ds that mix p erio dic grids in one or t w o angular directions with

non-p erio dic grids in one or t w o radial or longitudinal directions.

Our basic p erio dic grid will b e a subset of the in terv al [0 ; 2 � ]:
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0
�

2 �

x

1

x

2

x

N = 2

x

N � 1

x

N

(In terv als of length other than 2 � are easily handled b y a scale factor, and

translations to other in terv als suc h as [ � � ; � ] mak e no di�erence at all.) When

w e talk ab out a p erio dic grid, w e mean that an y data v alues on the grid come

from ev aluating a p erio dic function. Equiv alen tly , w e ma y regard the p erio dic

grid as one cycle of length N extracted from an an in�nite grid with data

satisfying v

j + mN

= v

j

for all j; m 2 Z .

Throughout the b o ok, the n um b er of grid p oin ts on a p erio dic grid will

alw a ys b e ev en:

N is even.

All our results ha v e analogues for o dd N , but the form ulas are di�eren t, and

little w ould b e gained b y writing ev erything t wice. The spacing of the grid

p oin ts is h = 2 � = N , whic h giv es us

�

h

=

N

2

: (3.1)

W e recommend that the reader memorize this equation. The quotien t � =h

will app ear o v er and o v er, since [ � � =h; � =h ] is the range of w a v en um b ers

distinguishable on the grid. W e will mak e constan t use of (3.1).

Let us consider the F ourier transform on the N -p oin t grid. As in the last

c hapter, the mesh spacing h implies that w a v en um b ers di�ering b y an in teger

m ultiple of 2 � =h are indistinguishable on the grid, and th us it will b e enough to

con�ne our atten tion to k 2 [ � � =h; � =h ]. No w, ho w ev er, the F ourier domain

is discrete as w ell as b ounded. This is b ecause w a v es in ph ysical space m ust b e

p erio dic o v er the in terv al [0 ; 2 � ], and only w a v es e

ik x

with in teger w a v en um b ers

ha v e the required p erio d 2 � . W e �nd:

Ph ysical space : discrete ; b ounded : x 2 f h; 2 h; : : : ; 2 � � h; 2 � g

l l

F ourier space : b ounded ; discrete : k 2 f�

N

2

+ 1 ; �

N

2

+ 2 ; : : : ;

N

2

g

The form ula for the discr ete F ourier tr ansform (DFT) is

^v

k

= h

N

X

j =1

e

� ik x

j

v

j

; k = �

N

2

+ 1 ; : : : ;

N

2

; (3.2)
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and the inverse discr ete F ourier tr ansform is giv en b y

v

j

=

1

2 �

N = 2

X

k = � N = 2+1

e

ik x

j

^v

k

; j = 1 ; : : : ; N : (3.3)

These form ulas ma y b e compared with the form ulas (2.1){(2.2) for the F ourier

transform and its in v erse and (2.3){(2.4) for the semi-discrete F ourier trans-

form and its in v erse.

In (3.2) and (3.3), the w a v en um b er k , lik e the spatial index j , tak es only

in teger v alues. Nothing con tin uous or in�nite is left in the problem, and (3.2)

and (3.3) are in v erses of one another for arbitrary v ectors ( v

1

; : : : ; v

N

)

T

in R

N

or C

N

, without an y tec hnical restrictions.

F or sp ectral di�eren tiation of a grid function v , w e follo w the mo del of

the last c hapter exactly . First w e need a band-limited in terp olan t of v , whic h

w e obtain b y ev aluating the in v erse discrete F ourier transform (3.3) for all x

rather than just x on the grid. But b efore w e di�eren tiate our in terp olan t,

there is a complication to address, suggested in Figure 3.1. Ev aluating the

in v erse transform (3.3) as it stands w ould giv e a term e

iN x= 2

with deriv ativ e

( iN = 2) e

iN x= 2

. Since e

iN x= 2

represen ts a real, sa wto oth w a v e on the grid, its

deriv ativ e should b e zero at the grid p oin ts, not a complex exp onen tial! The

problem is that (3.3) treats the highest w a v en um b er asymmetrically . W e can

�x this b y de�ning ^v

� N = 2

= ^ v

N = 2

and replacing (3.3) b y

v

j

=

1

2 �

N = 2

X

k = � N = 2

0

e

ik x

j

^v

k

; j = 1 ; : : : ; N ; (3.4)

where the prime indicates that the terms k = � N = 2 are m ultiplied b y

1

2

.

Note that the discrete F ourier transform and its in v erse can still b e de�ned

b y (3.2) and (3.3). Equation (3.4) is needed just for the purp ose of deriving a

band-limited in terp olan t, whic h tak es the form

p ( x ) =

1

2 �

N = 2

X

k = � N = 2

0

e

ik x

^v

k

; x 2 [ � � =h; � =h ] ; (3.5)

and the sa wto oth no w has deriv ativ e zero, as it should. Note that p ( x ) is a

trigonometric p olynomial of degree at most N = 2. This means that it can b e

written as a linear com bination of the functions 1, sin( x ), cos ( x ), sin(2 x ) ; : : : ,

sin( N x= 2), cos( N x= 2) : (Actually , the sin( N x= 2) term is not needed.)

T o in terp olate a grid function v , as in the previous c hapter, w e can use this

general form ula, or w e can compute the band-limited in terp olan t of the delta

function and expand v as a linear com bination of translated delta functions.

The delta function is no w p erio dic (compare (2.7)),

�

j

=

(

1 j � 0 (mo d N ) ;

0 j 6� 0 (mo d N ) :

(3.6)
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v

h

2 h

2 �

x

1

� 1

Fig. 3.1. The sawto oth grid function and its interp olant cos ( � x=h ) =

1

2

( e

i� x=h

+

e

� i� x=h

) of (3.5) . The appr opriate sp e ctr al derivative is zer o at every grid

p oint, which is not the r esult we would get if we use d the interp olant e

i� x=h

.

F rom (3.2) w e ha v e

^

�

k

= h for eac h k , and so, from (3.5), w e get

p ( x ) =

h

2 �

N = 2

X

k = � N = 2

0

e

ik x

=

h

2 �

0

@

1

2

N = 2 � 1

X

k = � N = 2

e

ik x

+

1

2

N = 2

X

k = � N = 2+1

e

ik x

1

A

=

h

2 �

cos( x= 2)

N = 2 � 1 = 2

X

k = � N = 2+1 = 2

e

ik x

=

h

2 �

cos( x= 2)

e

i ( � N = 2+1 = 2) x

� e

i ( N = 2+1 = 2) x

1 � e

ix

=

h

2 �

cos( x= 2)

e

� i ( N = 2) x

� e

i ( N = 2) x

e

� ix= 2

� e

ix= 2

=

h

2 �

cos( x= 2)

sin( N x= 2)

sin( x= 2)

:

Using the iden tit y (3.1), w e conclude that the band-limited in terp olan t to � is

the p erio dic sinc function S

N

(Figure 3.2):

S

N

( x ) =

sin ( � x=h )

(2 � =h ) tan ( x= 2)

: (3.7)

Note that since tan x= 2 � x= 2 as x ! 0, S

N

( x ) b eha v es lik e the nonp erio dic

sinc function S

h

( x ) of (2.8) in the limit x ! 0 |indep enden tly of h .

An expansion of a p erio dic grid function v in the basis of shifted p erio dic

delta functions tak es the form v

j

=

P

N

m =1

v

m

�

j � m

, in analogy to (2.9). Th us

the band-limited in terp olan t of (3.5) can b e written in analogy to (2.10) as

p ( x ) =

N

X

m =1

v

m

S

N

( x � x

m

) : (3.8)
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x

S

N

� �

0

0 � 2 � 3 �

� 0 : 2

0.2

0.4

0.6

0.8

1

Fig. 3.2. The p erio dic sinc function S

N

, the b and-limite d interp olant of the

p erio dic delta function � , plotte d for N = 8 .

After a small calculation analogous to the deriv ation of (2.12), w e �nd that

the deriv ativ e of the p erio dic sinc function at a grid p oin t is

S

0

N

( x

j

) =

8

<

:

0 j � 0 (mo d N ) ;

1

2

( � 1)

j

cot( j h= 2) j 6� 0 (mo d N ) :

(3.9)

As discussed in the last c hapter, these n um b ers are the en tries of one column

of the sp ectral di�eren tiation matrix|the N th column of the N � N matrix,

since N � 0 (mo d N ). This w as the matrix presen ted already in (1.5):

D

N

=

0

B

B

B

B

B

B

B

B

B

B

B

B

@

0 �

1

2

cot

1 h

2

�

1

2

cot

1 h

2

.

.

.

.

.

.

1

2

cot

2 h

2

1

2

cot

2 h

2

.

.

.

�

1

2

cot

3 h

2

�

1

2

cot

3 h

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1

2

cot

1 h

2

1

2

cot

1 h

2

0

1

C

C

C

C

C

C

C

C

C

C

C

C

A

: (3.10)

Program 4 illustrates the use of D

N

for sp ectral di�eren tiation of a hat

function and the smo oth function e

sin( x )

of Programs 1 and 2. The accuracy

for the hat function is p o or, b ecause the function is not smo oth, but the

accuracy for e

sin( x )

is outstanding.

T o calculate higher sp ectral deriv ativ es, w e can di�eren tiate p , the in ter-
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Program 4

% p4.m - periodic spectral differentiation

% Set up grid and differentiation matrix:

N = 24; h = 2*pi/N; x = h*(1:N)';

column = [0 .5*(-1).^(1:N-1).*cot((1 :N-1 )*h/ 2)] ';

D = toeplitz(column,column([1 N:-1:2]));

% Differentiation of a hat function:

v = max(0,1-abs(x-pi)/2); clf

subplot(3,2,1), plot(x,v,'.-','markersiz e',1 3)

axis([0 2*pi -.5 1.5]), grid on, title('function')

subplot(3,2,2), plot(x,D*v,'.-','markers ize' ,13 )

axis([0 2*pi -1 1]), grid on, title('spectral derivative')

% Differentiation of exp(sin(x)):

v = exp(sin(x)); vprime = cos(x).*v;

subplot(3,2,3), plot(x,v,'.-','markersiz e',1 3)

axis([0 2*pi 0 3]), grid on

subplot(3,2,4), plot(x,D*v,'.-','markers ize' ,13 )

axis([0 2*pi -2 2]), grid on

error = norm(D*v-vprime,inf);

text(2.2,1.4,['max error = ' num2str(error)])

Output 4

0 2 4 6
� 0.5

0

0.5

1

1.5
function

0 2 4 6
� 1

0

1
spectral derivative

0 2 4 6
0

1

2

3

0 2 4 6
� 2

0

2
max error = 9.6878e� 13

Output 4: Sp e ctr al di�er entiation of a r ough function and a smo oth one. The

smo oth function gives 12 -digit ac cur acy.
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p olan t of (3.8), sev eral times. Some calculus giv es

S

00

N

( x

j

) =

8

>

>

>

<

>

>

>

:

�

�

2

3 h

2

�

1

6

j � 0 (mo d N ) ;

�

( � 1)

j

2 sin

2

( j h= 2)

j 6� 0 (mo d N ) :

(3.11)

Th us second-order sp ectral di�eren tiation can b e written in the matrix form

D

(2)

N

v =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

.

.

.

.

.

.

.

.

�

1

2

csc

2

(

2 h

2

)

.

.

.

1

2

csc

2

(

h

2

)

�

�

2

3 h

2

�

1

6

1

2

csc

2

(

h

2

)

.

.

.

�

1

2

csc

2

(

2 h

2

)

.

.

.

.

.

.

.

.

.

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

v : (3.12)

W e can construct the matrix for di�eren tiation of an y order b y further di�er-

en tiation of S

N

.

As ev er with sp ectral metho ds, alternativ e metho ds of implemen tation can

b e found. In particular, the discrete F ourier transform can b e used:

� Given v , c ompute ^v .

� De�ne ^w

k

= ik ^v

k

, exc ept ^w

N = 2

= 0 .

� Compute w fr om ^w .

F or higher deriv ativ es w e m ultiply b y the appropriate p o w er of ik , taking sp e-

cial care of the the ^w

N = 2

term. F or o dd deriv ativ es there is a loss of symmetry

and w e ha v e to set ^w

N = 2

= 0. Otherwise ^w

N = 2

is giv en b y the same form ula as

the other ^w

k

. In summary , to appro ximate the � th deriv ativ e,

� Given v , c ompute ^v .

� De�ne ^w

k

= ( ik )

�

^v

k

, but ^w

N = 2

= 0 if � is o dd.

� Compute w fr om ^w .

The computation of the discrete F ourier transform can b e accomplished b y

the F ast F ourier T r ansform (FFT) , disco v ered in 1965 b y Co oley and T uk ey .

(Actually , the FFT w as disco v ered b y Gauss at the age of 28 in 1805|t w o

y ears b efore F ourier completed his �rst big article!|but although Gauss wrote

a pap er on the sub ject, he did not publish it, and it la y unnoticed [HJB85].)

If N is highly comp osite, that is, a pro duct of small prime factors, then the
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F ast F ourier T ransform enables us to compute the discrete F ourier transform,

and hence sp ectral deriv ativ es, in O ( N log N ) 
oating p oin t op erations.

Program 5 is a rep etition of Program 4 based on the FFT instead of matri-

ces. The transforms are calculated b y Ma tlab 's programs fft and ifft . A

little care has to b e exercised in using these programs since Ma tlab assumes

a di�eren t ordering of the w a v en um b ers from ours. In our notation, Ma tlab

stores w a v en um b ers in the order 0 ; 1 ; : : : ;

N

2

; �

N

2

+ 1 ; �

N

2

+ 2 ; : : : ; � 1.

There is an ine�ciency in the use of the FFT as in Program 5 that m ust

b e men tioned. In most applications, the data v to b e di�eren tiated will b e

real, and y et, the use of the FFT mak es use of a complex transform. Math-

ematically , the transform satis�es the symmetry prop ert y ^v ( � k ) = ^v ( k ) (Ex-

ercise 2.2), but Ma tlab 's standard FFT routines are not equipp ed to tak e

adv an tage of this prop ert y . In an implemen tation in F ortran or C, one w ould

exp ect to gain at least a factor of t w o b y doing so. A di�eren t tric k to reco v er

that factor of t w o is considered in Exercise 3.6.

W e ha v e no w dev elop ed sp ectral to ols that can b e applied in practice. T o

close the c hapter, w e will use the FFT metho d to solv e a PDE. Consider the

v ariable co e�cien t w a v e equation

u

t

+ c ( x ) u

x

= 0 ; c ( x ) =

1

5

+ sin

2

( x � 1) (3.13)

for x 2 [0 ; 2 � ], t > 0, with p erio dic b oundary conditions. As an initial condi-

tion w e tak e u ( x; 0) = exp ( � 100( x � 1)

2

). This function is not mathematically

p erio dic, but it is so close to zero at the ends of the in terv al that it can b e

regarded as p erio dic in practice.

T o construct our n umerical sc heme, w e pro ceed just as w e migh t with a

�nite di�erence appro ximation of a PDE. F or the time deriv ativ e w e use a

leap frog form ula [Ise96], and w e appro ximate the spatial deriv ativ e sp ectrally .

Let v

( n )

b e the v ector at time step n that appro ximates u ( x

j

; n � t ). A t grid

p oin t x

j

, our sp ectral deriv ativ e is ( D v

( n )

)

j

where D = D

N

, the sp ectral dif-

feren tiation matrix (1.5) for the N -p oin t equispaced grid, whic h w e implemen t

b y the FFT. The appro ximation b ecomes

v

( n +1)

j

� v

( n � 1)

j

2� t

= � c ( x

j

)( D v

( n )

)

j

; j = 1 ; : : : ; N :

This form ula is all there is to Program 6, except for the complication that

the leap frog sc heme requires t w o initial conditions to start, whereas the PDE

pro vides only one. T o obtain a starting v alue v

( � 1)

, this particular program

extrap olates bac kw ards with the assumption of a constan t w a v e sp eed of

1

5

.

This appro ximation in tro duces a small error. F or more serious w ork one could

use one or more steps of a one-step ODE form ula, suc h as a Runge{Kutta

form ula, to generate the necessary second set of initial data at t = � � t or

t = � t .
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Program 5

% p5.m - repetition of p4.m via FFT

% For complex v, delete "real" commands.

% Differentiation of a hat function:

N = 24; h = 2*pi/N; x = h*(1:N)';

v = max(0,1-abs(x-pi)/2); v_hat = fft(v);

w_hat = 1i*[0:N/2-1 0 -N/2+1:-1]' .* v_hat;

w = real(ifft(w_hat)); clf

subplot(3,2,1), plot(x,v,'.-','markersiz e',1 3)

axis([0 2*pi -.5 1.5]), grid on, title('function')

subplot(3,2,2), plot(x,w,'.-','markersiz e',1 3)

axis([0 2*pi -1 1]), grid on, title('spectral derivative')

% Differentiation of exp(sin(x)):

v = exp(sin(x)); vprime = cos(x).*v;

v_hat = fft(v);

w_hat = 1i*[0:N/2-1 0 -N/2+1:-1]' .* v_hat;

w = real(ifft(w_hat));

subplot(3,2,3), plot(x,v,'.-','markersiz e',1 3)

axis([0 2*pi 0 3]), grid on

subplot(3,2,4), plot(x,w,'.-','markersiz e',1 3)

axis([0 2*pi -2 2]), grid on

error = norm(w-vprime,inf);

text(2.2,1.4,['max error = ' num2str(error)])

Output 5

0 2 4 6
� 0.5

0

0.5

1

1.5
function

0 2 4 6
� 1

0

1
spectral derivative

0 2 4 6
0

1

2

3

0 2 4 6
� 2

0

2
max error = 9.5679e� 13

Output 5: R ep etition of Output 4 b ase d on FFT inste ad of matrices.



26 Sp ectral Metho ds in M A TLAB

0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

8

0

2

4

t

u

Program 6

% p6.m - variable coefficient wave equation

% Grid, variable coefficient, and initial data:

N = 128; h = 2*pi/N; x = h*(1:N); t = 0; dt = h/4;

c = .2 + sin(x-1).^2;

v = exp(-100*(x-1).^2); vold = exp(-100*(x-.2*dt-1).^2) ;

% Time-stepping by leap frog formula:

tmax = 8; tplot = .15; clf, drawnow

plotgap = round(tplot/dt); dt = tplot/plotgap;

nplots = round(tmax/tplot);

data = [v; zeros(nplots,N)]; tdata = t;

for i = 1:nplots

for n = 1:plotgap

t = t+dt;

v_hat = fft(v);

w_hat = 1i*[0:N/2-1 0 -N/2+1:-1] .* v_hat;

w = real(ifft(w_hat));

vnew = vold - 2*dt*c.*w; vold = v; v = vnew;

end

data(i+1,:) = v; tdata = [tdata; t];

end

waterfall(x,tdata,data), view(10,70), colormap([0 0 0])

axis([0 2*pi 0 tmax 0 5]), ylabel t, zlabel u, grid off

Output 6

Output 6: Solution of (3.13) .
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Output 6 sho ws a b eautiful w a v e propagating at v ariable sp eed. There are

no ripples emanating from the w a v e, whic h remains coheren t and clean. So-

lutions from �nite di�erence discretizations rarely lo ok so nice (Exercise 3.8).

The absence of spurious disp ersion is one of the conspicuous adv an tages of

sp ectral metho ds.

Summa ry of this chapter. Mathematically , a p erio dic grid is m uc h lik e an in-

�nite grid, with the semi-discrete F ourier transform replaced b y the discrete

F ourier transform and the sinc function S

h

replaced b y the p erio dic sinc func-

tion S

N

. The band-limited in terp olan t of a grid function is a trigonometric

p olynomial. Sp ectral deriv ativ es can b e calculated b y a di�eren tiation ma-

trix in O ( N

2

) or b y the F ast F ourier T ransform in O ( N log N ) 
oating p oin t

op erations.

Exercises

3.1. Determine D

N

, D

2

N

, and D

(2)

N

for N = 2 and 4, and con�rm that in b oth cases,

D

2

N

6= D

(2)

N

.

3.2. Deriv e (3.9) and (3.11).

3.3. Deriv e form ulas for the en tries of the third-order p erio dic F ourier sp ectral

di�eren tiation matrix D

(3)

N

.

3.4. The errors prin ted in the b ottom-righ t �gures of Outputs 4 and 5 di�er b y

ab out 1.5%. In the ligh t of Output 2, explain this n um b er. Wh y do they not agree

exactly? Giv en that they disagree, wh y is it only in the second decimal place? Ho w

w ould y our answ ers c hange if w e to ok N = 20 ? N = 30 ?

3.5. Using the commands tic and toc , study the time tak en b y Ma tlab (whic h

is far from optimal in this regard) to compute an N -p oin t FFT, as a function of N .

If N = 2

k

for k = 0 ; 1 ; : : : ; 15, for example, what is the dep endence of the time on

N ? What if N = 500 ; 501 ; : : : ; 519 ; 520 ? F rom a plot of the latter results, can y ou

sp ot the prime n um b ers in this range? ( Hints. The commands isprime and factor

ma y b e useful. T o get go o d tic / toc data it ma y help to compute eac h FFT 10 or

100 times in a lo op.)

3.6. W e ha v e seen that a discrete function v can b e sp ectrally di�eren tiated b y

means of t w o complex FFTs (one forw ard, one in v erse). Explain ho w t w o distinct

discrete functions v and w can b e sp ectrally di�eren tiated at once b y the same t w o

complex FFTs, pro vided that v and w are real.

3.7. Recompute Output 6 b y a mo di�ed program based on matrices rather than

the FFT. Ho w m uc h slo w er or faster is it? (Measure just the computation time,

not the time for the waterfall plot.) Ho w do es the answ er c hange if N is increased

from 128 to 256 ?

3.8. Recompute Output 6 b y a mo di�ed program based on the �nite di�erence leap
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frog form ula

v

( n +1)

j

� v

( n � 1)

j

2� t

= � c ( x

j

)

v

( n )

j +1

� v

( n )

j � 1

2� x

; j = 1 ; : : : ; N

rather than a sp ectral metho d. Pro duce plots for N = 128 and 256. Commen t.

3.9. The solution of (3.13) is p erio dic in time: for a certain T � 13, u ( x; T ) = u ( x; 0)

for all x . Determine T analytically b y ev aluating an appropriate in tegral. Then

mo dify Program 6 to compute u ( x; T ) instead of u ( x; 8). (Mak e sure t stops exactly

at T , not at some nearb y n um b er determined b y round .) F or N = 32 ; 64 ; : : : ; 512,

determine max

j

j u ( x

j

; T ) � u ( x

j

; 0) j , and plot this error on a log-log scale as a

function of N . What is the rate of con v ergence? Ho w could it b e impro v ed?



4. Smoothness and Spectral Accuracy

W e are ready to discuss the accuracy of sp ectral metho ds. As stated in

Chapter 1, the t ypical con v ergence rate is O ( N

� m

) for ev ery m for functions

that are smo oth (fast!) and O ( c

N

) (0 < c < 1) for functions that are analytic

(faster!). Suc h b eha vior is kno wn as sp e ctr al ac cur acy .

T o deriv e these relationships w e shall mak e use of the F ourier transform in

an argumen t consisting of t w o steps. First, a smo oth function has a rapidly

deca ying transform. The reason is that a smo oth function c hanges slo wly ,

and since high w a v en um b ers corresp ond to rapidly oscillating w a v es, suc h a

function con tains little energy at high w a v en um b ers. Second, if the F ourier

transform of a function deca ys rapidly , then the errors in tro duced b y dis-

cretization are small. The reason is that these errors are caused b y aliasing of

high w a v en um b ers to lo w w a v en um b ers.

W e carry out the argumen t for the real line R ; similar reasoning applies

in the p erio dic case. The follo wing theorem collects four statemen ts relating

smo othness of u and deca y of ^u . Eac h condition on the smo othness of u is

stronger than the last and implies a corresp ondingly faster deca y rate for ^u .

This theorem mak es use of standard mathematical ideas (di�eren tiabilit y , an-

alyticit y , complex plane) that some readers ma y b e less familiar with than

they w ould lik e. Rest assured at least that the b o ok do es not get more tec h-

nical than this! The \big O" sym b ol is used with its usual precise meaning:

f ( k ) = O ( g ( k )) as k ! 1 if there exists a constan t C suc h that for all suf-

�cien tly large k , j f ( k ) j < C j g ( k ) j . Similarly , the \little O" sym b ol is de�ned

in the standard w a y: f ( k ) = o ( g ( k )) as k ! 1 if lim

k !1

j f ( k ) j = j g ( k ) j = 0.

W e shall not pro v e Theorem 1, but refer the reader to the literature. P art
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(a) can b e handled b y standard metho ds of analysis, and part (b) is a corol-

lary . P arts (c) and (d) are kno wn as Paley{Wiener the or ems ; see [Kat76] and

[P aW e34].

Theo rem 1 Smo othness of a function and deca y of its F ourier transfo rm.

L et u 2 L

2

( R ) have F ourier tr ansform ^u .

(a) If u has p � 1 c ontinuous derivatives in L

2

( R ) for some p � 0 and a p th

derivative of b ounde d variation, * then

^u ( k ) = O ( j k j

� p � 1

) as j k j ! 1 :

(b) If u has in�nitely many c ontinuous derivatives in L

2

( R ) , then

^u ( k ) = O ( j k j

� m

) as j k j ! 1

for every m � 0 . The c onverse also holds.

(c) If ther e exist a; c > 0 such that u c an b e extende d to an analytic function

in the c omplex strip j Im z j < a with k u ( � + iy ) k � c uniformly for al l

y 2 ( � a; a ) , wher e k u ( � + iy ) k is the L

2

norm along the horizontal line

Im z = y , then u

a

2 L

2

( R ) , wher e u

a

( k ) = e

a j k j

^u ( k ) . The c onverse also

holds.

(d) If u c an b e extende d to an entir e function (i.e., analytic thr oughout the

c omplex plane) and ther e exists a > 0 such that j u ( z ) j = o ( e

a j z j

) as

j z j ! 1 for al l c omplex values z 2 C , then ^u has c omp act supp ort

c ontaine d in [ � a; a ] , that is,

^u ( k ) = 0 for al l j k j > a:

The c onverse also holds.

This theorem, although tec hnical, can b e illustrated b y examples of func-

tions that satisfy the v arious smo othness conditions.

Il lustr ation of The or em 1(a). Consider the step function s ( x ) de�ned b y

s ( x ) =

(

1

2

j x j � 1 ;

0 j x j > 1 :

* A function f has b ounde d variation if it b elongs to L

1

( R ) and the suprem um of

R

f g

0

o v er all g 2 C

1

( R ) with j g ( x ) j � 1 is �nite [Zie89]. If f is con tin uous, this coincides

with the condition that the suprem um of

P

N

j =1

j f ( x

j

) � f ( x

j � 1

) j o v er all �nite samples

x

0

< x

1

< � � � < x

N

should b e b ounded.
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s s � s s � s � s

Fig. 4.1. A step function s is use d to gener ate pie c ewise p olynomials|B-

splines|by c onvolution.

This function is not di�eren tiable, but it has b ounded v ariation. T o generate

functions with �nite n um b ers of con tin uous deriv ativ es, w e can tak e c onvo-

lutions of s with itself. The con v olution of t w o functions u and v is de�ned

b y

( u � v )( x ) =

Z

1

�1

u ( y ) v ( x � y ) dy =

Z

1

�1

v ( y ) u ( x � y ) dy ; (4.1)

and the functions s , s � s , and s � s � s are sk etc hed in Figure 4.1. These

functions, kno wn as B-splines , are piecewise p olynomials that v anish outside

the in terv als [ � 1 ; 1], [ � 2 ; 2], and [ � 3 ; 3], resp ectiv ely [Bo o78].

The function s is piecewise constan t and satis�es the condition of Theo-

rem 1(a) with p = 0. Similarly , s � s is piecewise linear, satisfying the condition

with p = 1, and s � s � s is piecewise quadratic, satisfying it with p = 2. No w

the F ourier transforms of these functions are

^s ( k ) =

sin k

k

;

d

s � s ( k ) =

�

sin k

k

�

2

; \s � s � s ( k ) =

�

sin k

k

�

3

:

These results follo w from the general form ula for the F ourier transform of a

con v olution,

[u � v ( k ) = ^u ( k ) ^ v ( k ) ; k 2 R : (4.2)

Just as predicted b y Theorem 1(a), these three F ourier transforms deca y at

the rates O ( j k j

� 1

), O ( j k j

� 2

), and O ( j k j

� 3

).

Il lustr ation of The or em 1(d). By rev ersing the roles of ^ s ,

d

s � s , \s � s � s and

s , s � s , s � s � s in the ab o v e example, that is, b y regarding the former as

the functions and the latter as the transforms (apart from some unimp ortan t

constan t factors), w e obtain illustrations of Theorem 1(d). The function ^s ,

for example, satis�es ^s ( k ) = o ( e

j k j

) as j k j ! 1 , and its F ourier transform,

2 � s ( x ), has compact supp ort [ � 1 ; 1].

Il lustr ation of The or em 1(c). Consider the pair

u ( x ) =

�

x

2

+ �

2

; ^u ( k ) = � e

� � j k j

(4.3)
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for an y constan t � > 0. This function u ( x ) is analytic throughout the complex

plane except for p oles at � i � . Th us Theorem 1(c) applies, and w e ma y tak e

an y a < � . (The condition k u ( � + iy ) k � c will fail if w e tak e a = � .) As

predicted, the F ourier transform deca ys exp onen tially at the corresp onding

rate. By rev ersing the roles of u and ^u in this example, w e obtain a function

satisfying condition (a) of the theorem with p = 1 whose transform deca ys at

the predicted rate O ( j k j

� 2

).

A nother il lustr ation. F or a �nal illustration let us consider that most

familiar of all F ourier transform pairs,

u ( x ) = e

� x

2

= 2 �

2

; ^u ( k ) = �

q

�

2

e

� �

2

k

2

= 2

:

These functions �t b et w een parts (c) and (d) of Theorem 1. A Gaussian

pulse is \smo other" than analytic in a strip, but \less smo oth" than en tire

with a gro wth condition at 1 ; it is en tire, but fails the gro wth condition since

the exp onen tial gro wth is quadratic rather than linear along ra ys other than

the real axis. Corresp ondingly , its F ourier transform, another Gaussian pulse,

deca ys faster than exp onen tially , since the exp onen t is squared, but do es not

ha v e compact supp ort.

Theorem 1 quan ti�es our �rst argumen t men tioned at the b eginning of the

c hapter: a smo oth function has a rapidly deca ying F ourier transform. W e no w

turn to the second argumen t, the connection b et w een the deca y of the F ourier

transform and accuracy of the band-limited in terp olan t. F or simplicit y , w e

deal with the case of in terp olation on the in�nite grid h Z . The essen tial idea

for p erio dic grids is the same.

Let u 2 L

2

( R ) ha v e a �rst deriv ativ e of b ounded v ariation. This is (more

than) enough to imply , b y Theorem 1(a), that the series w e are ab out to

consider con v erge. Let v b e the grid function obtained b y sampling u on the

grid h Z . W e ask, what is the relationship b et w een ^u , the F ourier transform

of u , and ^v , the semi-discrete F ourier transform of v ? F rom our discussion

of aliasing, it should b e clear that for k 2 [ � � =h; � =h ], ^v ( k ) will consist

of ^u ( k ) plus the sum of all additional comp onen ts of w a v en um b ers that are

indistinguishable from k on the grid. The follo wing theorem to this e�ect is

kno wn as the aliasing formula or the Poisson summation formula .

Theo rem 2 Aliasing fo rmula.

L et u 2 L

2

( R ) have a �rst derivative of b ounde d variation, and let v b e the

grid function on h Z de�ne d by v

j

= u ( x

j

) . Then for al l k 2 [ � � =h; � =h ] ,

^v ( k ) =

1

X

j = �1

^u ( k + 2 � j =h ) : (4.4)
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F rom Theorem 2 w e deduce that

^v ( k ) � ^u ( k ) =

1

X

j = �1

j 6=0

^u ( k + 2 � j =h ) ;

and so, com bining this result with Theorem 1, w e ma y relate the smo othness

of u to the error ^v ( k ) � ^u ( k ). If u is smo oth, then ^u and ^v are close. The

follo wing theorem is readily deriv ed from Theorems 1 and 2 (Exercise 4.1).

F or more extensiv e treatmen ts along these lines see [Hen86] and [T ad86].

Theo rem 3 E�ect of discretization on the F ourier transfo rm.

L et u 2 L

2

( R ) have a �rst derivative of b ounde d variation, and let v b e the grid

function on h Z de�ne d by v

j

= u ( x

j

) . The fol lowing estimates hold uniformly

for al l k 2 [ � � =h; � =h ] , or a fortiori, for k 2 [ � A; A ] for any c onstant A .

(a) If u has p � 1 c ontinuous derivatives in L

2

( R ) for some p � 1 and a p th

derivative of b ounde d variation, then

j ^v ( k ) � ^u ( k ) j = O ( h

p +1

) as h ! 0 :

(b) If u has in�nitely many c ontinuous derivatives in L

2

( R ) , then

j ^v ( k ) � ^u ( k ) j = O ( h

m

) as h ! 0

for every m � 0 .

(c) If ther e exist a; c > 0 such that u c an b e extende d to an analytic function

in the c omplex strip j Im z j < a with k u ( � + iy ) k � c uniformly for al l

y 2 ( � a; a ) , then

j ^v ( k ) � ^u ( k ) j = O ( e

� � ( a � � ) =h

) as h ! 0

for every � > 0 .

(d) If u c an b e extende d to an entir e function and ther e exists a > 0 such

that for z 2 C , j u ( z ) j = o ( e

a j z j

) as j z j ! 1 , then, pr ovide d h � � =a ,

^v ( k ) = ^u ( k ) :

In v arious senses, Theorem 3 mak es precise the notion of sp ectral accu-

racy of ^v as an appro ximation to ^u . By Parseval's identity w e ha v e, in the

appropriately de�ned 2-norms,

k ^u k =

p

2 � k u k ; k ^v k =

p

2 � k v k : (4.5)
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It follo ws that the functions de�ned b y the in v erse F ourier transform o v er

[ � � =h; � =h ] of ^u and ^v are also sp ectrally close in agreemen t. The latter

function is nothing else than p , the band-limited in terp olan t of v . Th us from

Theorem 3 w e can readily deriv e b ounds on k u ( x ) � p ( x ) k

2

, and with a little

more w ork, on p oin t wise errors j u ( x ) � p ( x ) j in function v alues or j u

( � )

( x ) �

p

( � )

( x ) j in the � th deriv ativ e (Exercise 4.2).

Theo rem 4 Accuracy of F ourier sp ectral di�erentiation.

L et u 2 L

2

( R ) have a � th derivative ( � � 1 ) of b ounde d variation, and let

w b e the � th sp e ctr al derivative of u on the grid h Z . The fol lowing estimates

hold uniformly for al l x 2 h Z .

(a) If u has p � 1 c ontinuous derivatives in L

2

( R ) for some p � � + 1 and

a p th derivative of b ounde d variation, then

j w

j

� u

( � )

( x

j

) j = O ( h

p � �

) as h ! 0 :

(b) If u has in�nitely many c ontinuous derivatives in L

2

( R ) , then

j w

j

� u

( � )

( x

j

) j = O ( h

m

) as h ! 0

for every m � 0 .

(c) If ther e exist a; c > 0 such that u c an b e extende d to an analytic function

in the c omplex strip j Im z j < a with k u ( � + iy ) k � c uniformly for al l

y 2 ( � a; a ) , then

j w

j

� u

( � )

( x

j

) j = O ( e

� � ( a � � ) =h

) as h ! 0

for every � > 0 .

(d) If u c an b e extende d to an entir e function and ther e exists a > 0 such

that for z 2 C , j u ( z ) j = o ( e

a j z j

) as j z j ! 1 , then, pr ovide d h � � =a ,

w

j

= u

( � )

( x

j

) :

Program 7 illustrates the v arious con v ergence rates w e ha v e discussed.

The program computes the sp ectral deriv ativ es of four p erio dic functions,

j sin x j

3

, exp ( � sin

� 2

( x= 2)), 1 = (1 + sin

2

( x= 2)), and sin (10 x ). The �rst has a

third deriv ativ e of b ounded v ariation, the second is smo oth but not analytic,

the third is analytic in a strip in the complex plane, and the fourth is band-

limited. The 1 -norm of the error in the sp ectral deriv ativ e is calculated

for v arious step sizes, and in Output 7 w e see v arying con v ergence rates as

predicted b y the theorem.
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Program 7

% p7.m - accuracy of periodic spectral differentiation

% Compute derivatives for various values of N:

Nmax = 50; E = zeros(3,Nmax/2-2);

for N = 6:2:Nmax;

h = 2*pi/N; x = h*(1:N)';

column = [0 .5*(-1).^(1:N-1).*cot((1:N -1)* h/2 )]';

D = toeplitz(column,column( [1 N:-1:2]));

v = abs(sin(x)).^3; % 3rd deriv in BV

vprime = 3*sin(x).*cos(x).*abs(sin (x)) ;

E(1,N/2-2) = norm(D*v-vprime,inf);

v = exp(-sin(x/2).^(-2)); % C-infinity

vprime = .5*v.*sin(x)./sin(x/2).^4 ;

E(2,N/2-2) = norm(D*v-vprime,inf);

v = 1./(1+sin(x/2).^2); % analytic in a strip

vprime = -sin(x/2).*cos(x/2).*v.^2 ;

E(3,N/2-2) = norm(D*v-vprime,inf);

v = sin(10*x); vprime = 10*cos(10*x); % band-limited

E(4,N/2-2) = norm(D*v-vprime,inf);

end

% Plot results:

titles = {'|sin(x)|^3','exp(-sin^ {-2 }(x/ 2))' ,.. .

'1/(1+sin^2(x/2))','sin( 10x) '}; clf

for iplot = 1:4

subplot(2,2,iplot)

semilogy(6:2:Nmax,E(ipl ot,: ),'. ',' mark ersi ze' ,12)

line(6:2:Nmax,E(iplot,: ),'l inew idt h',. 8)

axis([0 Nmax 1e-16 1e3]), grid on

set(gca,'xtick',0:10:Nm ax,' ytic k', (10) .^(- 15: 5:0) )

xlabel N, ylabel error, title(titles(iplot))

end

The reader is en titled to b e somewhat confused at this p oin t ab out the

man y details of F ourier transforms, semidiscrete F ourier transforms, discretiza-

tions, in v erses, and aliases w e ha v e discussed. T o see the relationships among

these ideas, tak e a lo ok at the \master plan" presen ted in Figure 4.2 for the

case of an in�nite grid. W ander ab out this diagram and acquain t y ourself

with ev ery alleyw a y!

As men tioned earlier, our dev elopmen ts for R carry o v er with few c hanges
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Output 7
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Output 7: Err or as a function of N in the sp e ctr al derivatives of four p erio dic

functions. The smo other the function, the faster the c onver genc e.

to [ � � ; � ], but as this b o ok is primarily practical, not theoretical, w e will

not giv e details. Results on con v ergence of sp ectral metho ds can b e found in

sources including [CHQZ88], [ReW e99], and [T ad86], of whic h the last comes

closest to follo wing the pattern presen ted here.

W e close this c hapter with an example that illustrates sp ectral accuracy

in action. Consider the problem of �nding v alues of � suc h that

� u

00

+ x

2

u = �u; x 2 R (4.6)

for some u 6= 0. This is the problem of a quan tum harmonic oscillator, whose

exact solution is w ell kno wn [BeOr78]. The eigen v alues are � = 1 ; 3 ; 5 ; : : : ;

and the eigenfunctions u are Hermite p olynomials m ultiplied b y decreasing

exp onen tials, e

� x

2

= 2

H

n

( x ) (times an arbitrary constan t). Since these solutions

deca y rapidly , for practical computations w e can truncate the in�nite spatial

domain to the p erio dic in terv al [ � L; L ], pro vided L is su�cien tly large. W e
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PHYSICAL SP A CE F OURIER SP A CE

u ( x )

-

^u ( k )

FT

? ?

Sample on grid

Aliasing form ula (4.4)

v

j

-

^v ( k )

SFT

? ?

Band-limited

in terp olation

Zero w a v en um b ers

j k j > � =h

p ( x )

-

^p ( k )

FT

? ?

Di�eren tiate Multiply b y ik

p

0

( x )

-

ik ^p ( k )

FT

? ?

Sample on grid

Extend p erio dically

outside [ � � =h; � =h ]

w

j

-

^w ( k )

SFT

Fig. 4.2. The master plan of F ourier sp e ctr al metho ds. T o get fr om v

j

to w

j

,

we c an stay in physic al sp ac e, or we c an cr oss over to F ourier sp ac e and b ack

again. This diagr am r efers to the sp e ctr al metho d on an in�nite grid, but a

similar diagr am c an b e c onstructe d for other metho ds. FT denotes F ourier

tr ansform and SFT denotes semidiscr ete F ourier tr ansform.

set up a uniform grid x

1

; : : : ; x

N

extending across [ � L; L ], let v b e v ector of

appro ximations to u at the grid p oin ts, and appro ximate (4.6) b y the matrix

equation

( � D

(2)

N

+ S ) v = �v ;

where D

(2)

N

is the second order p erio dic sp ectral di�eren tiation matrix of (3.12)

rescaled to [ � L; L ] instead of [ � � ; � ] and S is the diagonal matrix

S = diag( x

2

0

; : : : ; x

2

N

) :

T o appro ximate the eigen v alues of (4.6) w e �nd the eigen v alues of the matrix

� D

(2)

N

+ S .

This appro ximation is constructed in Program 8. Output 8 rev eals that

the �rst four eigen v alues come out correct to 13 digits on a grid of just 36

p oin ts.
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Program 8

% p8.m - eigenvalues of harmonic oscillator -u"+x^2 u on R

format long

L = 8; % domain is [-L L], periodic

for N = 6:6:36

h = 2*pi/N; x = h*(1:N); x = L*(x-pi)/pi;

column = [-pi^2/(3*h^2)-1/6 ...

-.5*(-1).^(1:N-1)./sin(h *(1: N-1 )/2) .^2] ;

D2 = (pi/L)^2*toeplitz(column); % 2nd-order differentiation

eigenvalues = sort(eig(-D2 + diag(x.^2)));

N, eigenvalues(1:4)

end

Output 8

(with added shading of uncon v erged digits)

N = 6 N = 12

0.46147291699547 0. 97813728129859

7.49413462105052 3. 17160532064718

7.72091605300656 4.45593529116679

28.83248377834015 8.92452905811993

N = 18 N = 24

0.9999 7000149932 0.99999999 762904

3.00 064406679582 3.000000 09841085

4.9 9259532440770 4.99999 796527330

7.0 3957189798150 7.0000 2499815654

N = 30 N = 36

0.999999999999 93 0.9999999999999 6

3.00000000000 075 3.0000000000000 3

4.9999999999 7560 4.9999999999999 7

7.00000000 050861 6.9999999999999 9
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Summa ry of this chapter. Smo oth functions ha v e rapidly deca ying F ourier

transforms, whic h implies that the aliasing errors in tro duced b y discretization

are small. This is wh y sp ectral metho ds are so accurate for smo oth functions.

In particular, for a function with p deriv ativ es, the � th sp ectral deriv ativ e

t ypically has accuracy O ( h

p � �

), and for an analytic function, geometric con-

v ergence is the rule.

Exercises

4.1. Sho w that Theorem 3 follo ws from Theorems 1 and 2.

4.2. Sho w that Theorem 4 follo ws from Theorem 3.

4.3. (a) Determine the F ourier transform of u ( x ) = (1 + x

2

)

� 1

. (Use a complex

con tour in tegral if y ou kno w ho w; otherwise, cop y the result from (4.3).) (b) De-

termine ^v ( k ), where v is the discretization of u on the grid h Z . ( Hint. Calculating

^v ( k ) from the de�nition (2.3) is v ery di�cult.) (c) Ho w fast do es ^v ( k ) approac h

^u ( k ) as h ! 0 ? (d) Do es this result matc h the predictions of Theorem 3?

4.4. Mo dify Program 7 so that y ou can v erify that the data in the �rst curv e of

Output 7 matc h the prediction of Theorem 4(a). V erify also that the third and

fourth curv es matc h the predictions of parts (c) and (d).

4.5. The second curv e of Output 7, on the other hand, seems puzzling|w e app ear

to ha v e geometric con v ergence, y et the function is not analytic. Figure out what is

going on. Is the con v ergence not truly geometric? Or is it geometric for some reason

subtler than that whic h underlies Theorem 4(c); and if so, what is the reason?

4.6. W rite a program to in v estigate the accuracy of Program 8 as a function of L

and N =L . On a single plot with a log scale, the program should sup erimp ose t w elv e

curv es of j �

computed

� �

exact

j vs. N =L corresp onding to L = 3 ; 5 ; 7 ; the lo w est four

eigen v alues � , and N = 4 ; 6 ; 8 ; : : : ; 60 : Ho w large m ust L and N =L b e for the four

eigen v alues to b e computed to ten-digit accuracy? F or su�cien tly large L , what is

the shap e of the con v ergence curv e as a function of N =L ? Ho w do es this matc h the

results of this c hapter and the smo othness of the eigenfunctions b eing discretized?

4.7. Consider (4.6) with x

2

c hanged to x

4

. What happ ens to the eigen v alues?

Calculate the �rst t w en t y of them to ten-digit accuracy , pro viding go o d evidence

that y ou ha v e ac hiev ed this, and plot the results.

4.8. Deriv e the F ourier transform of (4.6), and discuss ho w it relates to (4.6) itself.

What do es this imply ab out the functions f e

� x

2

= 2

H

n

( x ) g ?
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5. Polynomial Interpolation and

Clustered Grids

Of course, not all problems can b e treated as p erio dic. W e no w b egin

to consider ho w to construct sp ectral metho ds for b ounded, non-p erio dic do-

mains.

Supp ose that w e wish to w ork on [ � 1 ; 1] with non-p erio dic functions. One

approac h w ould b e to pretend that the functions w ere p erio dic and use trigono-

metric (that is, F ourier) in terp olation in equispaced p oin ts. This is what w e

did in Program 8. It is a metho d that w orks �ne for problems lik e that one

whose solutions are exp onen tially close to zero (or a constan t) near the b ound-

aries. In general, ho w ev er, this approac h sacri�ces the accuracy adv an tages of

sp ectral metho ds. A smo oth function

b ecomes non-smo oth in general when p erio dically extended:

With a F ourier sp ectral metho d, the con tamination caused b y these discon-

tin uities will b e global, destro ying the sp ectral accuracy|the Gibbs phe-
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nomenon visible in Output 3 (p. 14). The error in the in terp olan t will b e

O (1), the error in the �rst deriv ativ e will b e O ( N ), and so on. These errors

will remain signi�can t ev en if extra steps are tak en to mak e the functions

under study p erio dic. T o ac hiev e go o d accuracy b y a metho d of that kind it

w ould b e necessary to enforce con tin uit y not just of function v alues but also

of sev eral deriv ativ es (see Theorem 4(a), p. 34), a pro cess neither elegan t nor

e�cien t.

Instead, it is customary to replace trigonometric p olynomials b y algebraic

p olynomials, p ( x ) = a

0

+ a

1

x + � � � + a

N

x

N

. The �rst idea w e migh t ha v e is to

use p olynomial in terp olation in equispaced p oin ts. No w this, as it turns out, is

catastrophically bad in general. A problem kno wn as the R unge phenomenon is

encoun tered that is more extreme than the Gibbs phenomenon. When smo oth

functions are in terp olated b y p olynomials in N + 1 equally spaced p oin ts, the

appro ximations not only fail to con v erge in general as N ! 1 , but they get

w orse at a rate that ma y b e as great as 2

N

. If one w ere to di�eren tiate suc h

in terp olan ts to compute sp ectral deriv ativ es, the results w ould b e in error b y

a similar factor. W e shall illustrate this phenomenon in a momen t.

The righ t idea is p olynomial in terp olation in unev enly spaced p oin ts. V ari-

ous di�eren t sets of p oin ts are e�ectiv e, but they all share a common prop ert y .

Asymptotically as N ! 1 , the p oin ts are distributed with the densit y (p er

unit length)

densit y �

N

�

p

1 � x

2

: (5.1)

In particular this implies that the a v erage spacing b et w een p oin ts is O ( N

� 2

)

for x � � 1 and O ( N

� 1

) in the in terior, with the a v erage spacing b et w een ad-

jacen t p oin ts near x = 0 asymptotic to � = N . Sp ectral metho ds sometimes use

p oin ts not distributed lik e this, but in suc h cases, the in terp olan ts are gener-

ally not p olynomials but some other functions, suc h as p olynomials stretc hed

b y a sin

� 1

c hange of v ariables [F or96,KoT a93].

In most of this b o ok w e shall mak e use of the simplest example of a set of

p oin ts that satisfy (5.1), the so-called Chebyshev p oints ,

x

j

= cos ( j � = N ) ; j = 0 ; 1 ; : : : ; N : (5.2)

Geometrically , w e can visualize these p oin ts as the pro jections on [ � 1 ; 1] of

equispaced p oin ts on the upp er half of the unit circle, as sk etc hed in Fig-

ure 5.1. F uller names for f x

j

g include Chebyshev-L ob atto p oints and Gauss-

Chebyshev-L ob atto p oints (alluding to their role in certain quadrature form u-

las) and Chebyshev extr eme p oints (since they are the extreme p oin ts in [ � 1 ; 1]

of the Cheb yshev p olynomial T

N

( x )), but for simplicit y , in this b o ok w e just

call them Cheb yshev p oin ts.

The e�ect of using these clustered p oin ts on the accuracy of the p olyno-

mial in terp olan t is dramatic. Program 9 in terp olates u ( x ) = 1 = (1 + 16 x

2

) b y
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x

N

= � 1 x

N = 2

= 0 x

0

= 1

Fig. 5.1. Chebyshev p oints ar e the pr oje ctions onto the x -axis of e qual ly sp ac e d

p oints on the unit cir cle. Note that they ar e numb er e d fr om right to left.

p olynomials in b oth equispaced and Cheb yshev p oin ts. In Output 9 w e see

that the former w orks v ery badly and the latter v ery w ell.

W e could stop here and tak e it as giv en that for sp ectral metho ds based on

algebraic p olynomials, one m ust use irregular grids suc h as (5.2) that ha v e the

asymptotic spacing (5.1). Ho w ev er, this fact is so fundamen tal to the sub ject

of sp ectral metho ds|and so in teresting!|that w e w an t to explain it. The

remainder of this c hapter attempts to do this b y app ealing to the b eautiful

sub ject of p oten tial theory .

Supp ose w e ha v e a monic p olynomial p of degree N . W e can write it as

p ( z ) =

N

Y

k =1

( z � z

k

) ;

where f z

k

g are the ro ots, coun ted with m ultiplicit y , whic h migh t b e complex.

F rom this form ula w e ha v e

j p ( z ) j =

N

Y

k =1

j z � z

k

j

and therefore

log j p ( z ) j =

N

X

k =1

log j z � z

k

j :

No w consider

�

N

( z ) = N

� 1

N

X

k =1

log j z � z

k

j : (5.3)

This function is harmonic in the complex plane (that is, it satis�es Laplace's

equation) except at f z

k

g . W e can in terpret it as an electrostatic p oten tial:
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Program 9

% p9.m - polynomial interpolation in equispaced and Chebyshev pts

N = 16;

xx = -1.01:.005:1.01; clf

for i = 1:2

if i==1, s = 'equispaced points'; x = -1 + 2*(0:N)/N; end

if i==2, s = 'Chebyshev points'; x = cos(pi*(0:N)/N); end

subplot(2,2,i)

u = 1./(1+16*x.^2);

uu = 1./(1+16*xx.^2);

p = polyfit(x,u,N); % interpolation

pp = polyval(p,xx); % evaluation of interpolant

plot(x,u,'.','markersiz e',1 3)

line(xx,pp,'linewidth', .8)

axis([-1.1 1.1 -1 1.5]), title(s)

error = norm(uu-pp,inf);

text(-.5,-.5,['max error = ' num2str(error)])

end

Output 9

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1

1.5
equispaced points

max error = 5.9001

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1

1.5
Chebyshev points

max error = 0.017523

Output 9: De gr e e N interp olation of u ( x ) = 1 = (1 + 16 x

2

) in N + 1 e quisp ac e d

and Chebyshev p oints for N = 16 . With incr e asing N , the err ors incr e ase

exp onential ly in the e quisp ac e d c ase|the R unge phenomenon|wher e as in the

Chebyshev c ase they de cr e ase exp onential ly.
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�

N

( z ) is the p otential at z due to char ges at f z

k

g

e ach with p otential N

� 1

log j z � z

k

j .

By construction, there is a corresp ondence b et w een the size of p ( z ) and the

v alue of �

N

( z ),

j p ( z ) j = e

N �

N

( z )

: (5.4)

F rom this w e can b egin to see ho w the Runge phenomenon is related to p o-

ten tial theory . If �

N

( z ) is appro ximately constan t for z 2 [ � 1 ; 1], then p ( z ) is

appro ximately constan t there to o. If �

N

( z ) v aries along [ � 1 ; 1], on the other

hand, the e�ect on j p ( z ) j will b e v ariations that gro w exp onen tially with N .

In this framew ork it is natural to tak e the limit N ! 1 and think in terms

of p oin ts f x

j

g distributed in [ � 1 ; 1] according to a densit y function � ( x ) with

R

1

� 1

� ( x ) dx = 1. Suc h a function giv es the n um b er of grid p oin ts in an in terv al

[ a; b ] b y the in tegral

N

Z

b

a

� ( x ) dx:

F or �nite N , � m ust b e the sum of Dirac delta functions of amplitude N

� 1

,

but in the limit, w e tak e it to b e smo oth. F or equispaced p oin ts the limit is

� ( x ) =

1

2

; x 2 [ � 1 ; 1] : (UNIF ORM DENSITY) (5.5)

The corresp onding p oten tial � is giv en b y the in tegral

� ( z ) =

Z

1

� 1

� ( x ) log j z � x j dx: (5.6)

F rom this, with a little w ork, it can b e deduced that the p oten tial for equis-

paced p oin ts in the limit N ! 1 is

� ( z ) = � 1 + Re

�

z + 1

2

log( z + 1) +

z � 1

2

log( z � 1)

�

; (5.7)

where Re ( � ) denotes the real part. Note the particular v alues � (0) = � 1

and � ( � 1) = � 1 + log 2. F rom these v alues and (5.4) w e conclude that if a

p olynomial p has ro ots equally spaced in [ � 1 ; 1], then it will tak e v alues ab out

2

N

times larger near x = � 1 than near x = 0:

j p ( x ) j ' e

N � ( x )

=

(

(2 =e )

N

near x = � 1 ;

(1 =e )

N

near x = 0 :

By con trast, consider the con tin uous distribution corresp onding to (5.1),

� ( x ) =

1

�

p

1 � x

2

; x 2 [ � 1 ; 1] : (CHEBYSHEV DENSITY) (5.8)
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With a little w ork this giv es the p oten tial

� ( z ) = log

j z �

p

z

2

� 1 j

2

: (5.9)

This form ula has a simple in terpretation: the lev el curv es of � ( z ) are the

ellipses with fo ci � 1, and the v alue of � ( z ) along an y suc h ellipse is the loga-

rithm of half the sum of the semi-ma jor and semi-minor axes. In particular,

the degenerate ellipse [ � 1 ; 1] is a lev el curv e where � ( z ) tak es the constan t

v alue � log 2 (Exercise 5.5). W e conclude that if a monic p olynomial p has N

ro ots spaced according to the Cheb yshev distribution in [ � 1 ; 1], then it will

oscillate b et w een v alues of comparable size on the order of 2

� N

throughout

[ � 1 ; 1]:

j p ( x ) j ' e

N � ( x )

= 2

� N

; x 2 [ � 1 ; 1] :

Program 10

% p10.m - polynomials and corresponding equipotential curves

N = 16; clf

for i = 1:2

if i==1, s = 'equispaced points'; x = -1 + 2*(0:N)/N; end

if i==2, s = 'Chebyshev points'; x = cos(pi*(0:N)/N); end

p = poly(x);

% Plot p(x) over [-1,1]:

xx = -1:.005:1; pp = polyval(p,xx);

subplot(2,2,2*i-1)

plot(x,0*x,'.','markers ize' ,13) , hold on

plot(xx,pp,'linewidth', .8), grid on

set(gca,'xtick',-1:.5:1 ), title(s)

% Plot equipotential curves:

subplot(2,2,2*i)

plot(real(x),imag(x),'. ','m arke rsi ze', 13), hold on

axis([-1.4 1.4 -1.12 1.12])

xgrid = -1.4:.02:1.4; ygrid = -1.12:.02:1.12;

[xx,yy] = meshgrid(xgrid,ygrid); zz = xx+1i*yy;

pp = polyval(p,zz); levels = 10.^(-4:0);

contour(xx,yy,abs(pp),l evel s), title(s), colormap([0 0 0])

end
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Output 10

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
x 10

� 3 equispaced points

� 1 � 0.5 0 0.5 1

� 1

� 0.5

0

0.5

1

equispaced points

� 1 � 0.5 0 0.5 1
� 4

� 2

0

2

4
x 10

� 5 Chebyshev points

� 1 � 0.5 0 0.5 1

� 1

� 0.5

0

0.5

1

Chebyshev points

Output 10: On the left, the de gr e e 17 monic p olynomials with e quisp ac e d and

Chebyshev r o ots. On the right, some level curves of the c orr esp onding p oten-

tials in the c omplex plane. Chebyshev p oints ar e go o d b e c ause they gener ate a

p otential for which [ � 1 ; 1] is appr oximately a level curve.

Program 10 illustrates these relationships. The �rst plot of Output 10

sho ws the degree 17 monic p olynomial de�ned b y equispaced ro ots on [ � 1 ; 1],

rev ealing large swings near the b oundary . The plot to the righ t sho ws the

corresp onding p oten tial, and w e see that [ � 1 ; 1] is not close to an equip o-

ten tial curv e. The b ottom pair presen ts analogous results for the Cheb yshev

case. No w p oscillates on the same scale throughout [ � 1 ; 1], and [ � 1 ; 1] is

close to an equip oten tial curv e. (It w ould exactly equioscillate, if w e had de-

�ned Cheb yshev p oin ts as the zeros rather than the extrema of Cheb yshev

p olynomials.)

Though w e will not giv e pro ofs, m uc h more can b e concluded from this

kind of analysis:
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Theo rem 5 Accuracy of p olynomial interp olation.

Given a function u and a se quenc e of sets of interp olation p oints f x

j

g

N

, N =

1 ; 2 ; : : : that c onver ge to a density function � as n ! 1 with c orr esp onding

p otential � given by (5.6) , de�ne

�

[ � 1 ; 1]

= sup

x 2 [ � 1 ; 1]

� ( x ) :

F or e ach N c onstruct the p olynomial p

N

of de gr e e � N that interp olates u at

the p oints f x

j

g

N

. If ther e exists a c onstant �

u

> �

[ � 1 ; 1]

such that u is analytic

thr oughout the close d r e gion

f z 2 C : � ( z ) � �

u

g ;

then ther e exists a c onstant C > 0 such that for al l x 2 [ � 1 ; 1] and al l N ,

j u ( x ) � p

N

( x ) j � C e

� N ( �

u

� �

[ � 1 ; 1]

)

:

The same estimate holds, though with a new c onstant C (stil l indep endent of

x and N ), for the di�er enc e of the � th derivatives, u

( � )

� p

( � )

N

, for any � � 1 .

In a w ord, p olynomial in terp olan ts and sp ectral metho ds con v erge geo-

metrically (in the absence of rounding errors), pro vided u is analytic in a

neigh b orho o d of the region b ounded b y the smallest equip oten tial curv e that

con tains [ � 1 ; 1]. Con v ersely , for equally spaced p oin ts w e m ust exp ect div er-

gence for functions that are not analytic throughout the \fo otball" (American

fo otball, that is!) of the upp er-righ t plot of Output 10 that just passes through

� 1. The function f of Program 9 has p oles at � i= 4, inside the fo otball, whic h

explains the div ergence of equispaced in terp olation for that function (Exer-

cise 5.1).

Theorem 5 is stated in considerable generalit y , and it is w orth while record-

ing the sp ecial form it tak es in the situation w e most care ab out, namely

sp ectral di�eren tiation in Cheb yshev p oin ts. Here, the lev el curv es of � are el-

lipses, and w e get the follo wing result, sharp er v arian ts of whic h can b e found

in [T ad86] and [ReW e99].

Theo rem 6 Accuracy of Cheb yshev sp ectral di�erentiation.

Supp ose u is analytic on and inside the el lipse with fo ci � 1 on which the

Chebyshev p otential takes the value �

f

, that is, the el lipse whose semi-major

and semi-minor axis lengths sum to K = e

�

f

+log 2

. L et w b e the � th Chebyshev

sp e ctr al derivative of u ( � � 1 ). Then

j w

j

� u

( � )

( x

j

) j = O ( e

� N ( �

f

+log 2)

) = O ( K

� N

)

as N ! 1 .
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W e sa y that the asymptotic c onver genc e factor for the sp ectral di�eren ti-

ation pro cess is at least as small as K

� 1

:

lim sup

N !1

j w

j

� u

( � )

( x

j

) j

1 = N

� K

� 1

:

This is not the end of the story . Where do es the Cheb yshev c harge distri-

bution \really" come from? One answ er comes b y noting that if a p oten tial

� is constan t on [ � 1 ; 1], then �

0

( z ) = 0 on [ � 1 ; 1]. If w e think of �

0

( x ), the

gradien t of a p oten tial, as a force that will b e exerted on a unit c harge, w e

conclude that

The Chebyshev density function � of (5 : 8) is an e quilibrium, minimal-

ener gy distribution for a unit char ge distribute d c ontinuously on [ � 1 ; 1] .

F or �nite N , a monic p olynomial p of minimax size in [ � 1 ; 1] will not generally

ha v e ro ots exactly at equilibrium p oin ts in [ � 1 ; 1], but as N ! 1 , it can b e

pro v ed that the ro ots m ust con v erge to a densit y function � ( x ) with this

distribution (5.8). This con tin uum limit is normally discussed b y de�ning �

to b e the Gr e en 's function for [ � 1 ; 1], the unique real function that tak es a

constan t v alue on [ � 1 ; 1], is harmonic outside it, and is asymptotic to log j z j

as j z j ! 1 . F or more on this b eautiful mathematical sub ject, see [EmT r99],

[Hil62], and [Tsu59].

Summa ry of this chapter. Grid p oin ts for p olynomial sp ectral metho ds should

lie appro ximately in a minimal-energy con�guration asso ciated with in v erse

linear repulsion b et w een p oin ts. On [ � 1 ; 1], this means clustering near x = � 1

according to the Cheb yshev distribution (5.1). F or a function u analytic on

[ � 1 ; 1], the corresp onding sp ectral deriv ativ es con v erge geometrically , with an

asymptotic con v ergence factor determined b y the size of the largest ellipse

ab out [ � 1 ; 1] in whic h u is analytic.

Exercises

5.1. Mo dify Program 9 to compute and plot the maxim um error o v er [ � 1 ; 1] for eq-

uispaced and Cheb yshev in terp olation on a log scale as a function of N . What

asymptotic div ergence and con v ergence constan ts do y ou observ e for these t w o

cases? (Con�ne y our atten tion to small enough v alues of N that rounding errors

are not dominan t.) No w, based on the p oten tial theory of this c hapter, determine

exactly what these geometric constan ts should b e. Ho w closely do y our n umerical

exp erimen ts matc h the theoretical answ ers?

5.2. Mo dify Program 9 to measure the error in equispaced in terp olation of u ( z ) =

1 = (1 + 16 z

2

) not just on [ � 1 ; 1] but on a grid in the rectangular complex domain

� 1 : 2 < Re z ; Im z < 1 : 2. The absolute v alues of the errors should then b e visualized
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b y a con tour plot, and the region where there error is < 10

� 2

should b e shaded. The

p oles of u ( z ) should also b e mark ed. Ho w do es the picture lo ok for N = 10 ; 20 ; 30 ?

5.3. Let E

N

= inf

p

k p ( x ) � e

x

k

1

, where k f k

1

= sup

x 2 [ � 1 ; 1]

j f ( x ) j , denote the

error in degree N minimax p olynomial appro ximation to e

x

on [ � 1 ; 1]. (a) One

candidate appro ximation p ( x ) w ould b e the T a ylor series truncated at degree N .

F rom this appro ximation, deriv e the b ound E

N

< (( N + 2) = ( N + 1)) = ( N + 1)! for

N � 0. (b) In fact, the truncated T a ylor series falls short of optimal b y a factor

of ab out 2

N

, for it is kno wn (see equation (6.75) of [Mei67]) that as N ! 1 ,

E

N

� 2

� N

= ( N + 1)! . Mo dify Program 9 to pro duce a plot sho wing this asymptotic

form ula, the upp er b ound of (a), the error when p ( x ) is obtained from in terp olation

in Cheb yshev p oin ts, and the same for equispaced p oin ts, all as a function of N for

N = 1 ; 2 ; 3 ; : : : ; 12. Commen t on the results.

5.4. Deriv e (5.7).

5.5. Deriv e (5.9), and sho w that � ( z ) has the constan t v alue � log 2 on [ � 1 ; 1].

5.6. P oten tials and Green's functions asso ciated with connected sets in the complex

plane can b e obtained b y conformal mapping. F or example, the Cheb yshev p oin ts

are images of ro ots of unit y on the unit circle under a conformal map of the exterior

of the unit disk to the exterior of [ � 1 ; 1]. Determine this conformal map and use it

to deriv e (5.9).

5.7. In con tin uation of the last exercise, for p olynomial in terp olation on a p olygonal

set P in the complex plane, go o d sets of in terp olation p oin ts can b e obtained b y a

Sc h w arz{Christo�el conformal map of the exterior of the unit disk to the exterior

of P . Do wnload Driscoll's Ma tlab Sc h w arz{Christo�el T o olb o x [Dri96] and get

it to w ork on y our mac hine. Use it to pro duce a plot of t w en t y go o d in terp olation

p oin ts on an equilateral triangle and on another p olygonal domain P of y our c ho os-

ing. Pic k a p oin t z

0

lying a little bit outside P and use y our p oin ts to in terp olate

u ( z ) = ( z � z

0

)

� 1

. Ho w big is the maxim um error on the b oundary of P ? (By the

maxim um mo dulus principle, this is the same as the error in the in terior.) Ho w

do es this compare with the error if y ou in terp olate in equally spaced p oin ts along

the b oundary of P ?
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In the last c hapter w e discussed wh y grid p oin ts m ust cluster at b oundaries

for sp ectral metho ds based on p olynomials. In particular, w e in tro duced the

Cheb yshev p oin ts,

x

j

= cos ( j � = N ) ; j = 0 ; 1 ; : : : ; N ; (6.1)

whic h cluster as required. In this c hapter w e shall use these p oin ts to construct

Cheb yshev di�eren tiation matrices and apply these matrices to di�eren tiate a

few functions. The same set of p oin ts will con tin ue to b e the basis of man y of

our computations throughout the rest of the b o ok.

Our sc heme is as follo ws. Giv en a grid function v de�ned on the Cheb yshev

p oin ts, w e obtain a discrete deriv ativ e w in t w o steps:

� L et p b e the unique p olynomial of de gr e e � N with p ( x

j

) = v

j

, 0 � j � N .

� Set w

j

= p

0

( x

j

) .

This op eration is linear, so it can b e represen ted b y m ultiplication b y an

( N + 1) � ( N + 1) matrix, whic h w e shall denote b y D

N

:

w = D

N

v :

Here N is an arbitrary p ositiv e in teger, ev en or o dd. The restriction to ev en

N in this b o ok (p. 18) applies to F ourier, not Cheb yshev sp ectral metho ds.

T o get a feel for the in terp olation pro cess, w e tak e a lo ok at N = 1 and

N = 2 b efore pro ceeding to the general case.
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Consider �rst N = 1. The in terp olation p oin ts are x

0

= 1 and x

1

= � 1,

and the in terp olating p olynomial through data v

0

and v

1

, written in Lagrange

form, is

p ( x ) =

1

2

(1 + x ) v

0

+

1

2

(1 � x ) v

1

:

T aking the deriv ativ e giv es

p

0

( x ) =

1

2

v

0

�

1

2

v

1

:

This form ula implies that D

1

is the 2 � 2 matrix whose �rst column con tains

constan t en tries 1/2 and whose second column con tains constan t en tries � 1 = 2:

D

1

=

 

1

2

�

1

2

1

2

�

1

2

:

!

No w consider N = 2. The in terp olation p oin ts are x

0

= 1, x

1

= 0, and

x

2

= � 1, and the in terp olan t is the quadratic

p ( x ) =

1

2

x (1 + x ) v

0

+ (1 + x )(1 � x ) v

1

+

1

2

x ( x � 1) v

2

:

The deriv ativ e is no w a linear p olynomial,

p

0

( x ) = ( x +

1

2

) v

0

� 2 xv

1

+ ( x �

1

2

) v

2

:

The di�eren tiation matrix D

2

is the 3 � 3 matrix whose j th column is obtained

b y sampling the j th term of this expression at x = 1, 0, and � 1:

D

2

=

0

B

@

3

2

� 2

1

2

1

2

0 �

1

2

�

1

2

2 �

3

2

1

C

A

: (6.2)

It is no coincidence that the middle ro w of this matrix con tains the co e�cien ts

for a cen tered 3-p oin t �nite di�erence appro ximation to a deriv ativ e, and the

other ro ws con tain the co e�cien ts for one-sided appro ximations suc h as the

one that driv es the second-order Adams{Bashforth form ula for the n umerical

solution of ODEs [F or88]. The ro ws of higher-order sp ectral di�eren tiation

matrices can also b e view ed as v ectors of co e�cien ts of �nite di�erence for-

m ulas, but these will b e based on unev en grids and th us no longer familiar

from standard applications.

W e no w giv e form ulas for the en tries of D

N

for arbitrary N . These w ere

�rst published p erhaps in [GHO84], and are deriv ed in Exercises 6.1 and 6.2.

Analogous form ulas for general sets f x

j

g rather than just Cheb yshev p oin ts

are stated in Exercise 6.1.
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Theo rem 7 Cheb yshev di�erentiation matrix.

F or e ach N � 1 , let the r ows and c olumns of the ( N + 1) � ( N + 1) Chebyshev

sp e ctr al di�er entiation matrix D

N

b e indexe d fr om 0 to N . The entries of this

matrix ar e

( D

N

)

00

=

2 N

2

+ 1

6

; ( D

N

)

N N

= �

2 N

2

+ 1

6

; (6.3)

( D

N

)

j j

=

� x

j

2(1 � x

2

j

)

; j = 1 ; : : : ; N � 1 ; (6.4)

( D

N

)

ij

=

c

i

c

j

( � 1)

i + j

( x

i

� x

j

)

; i 6= j; i; j = 1 ; : : : ; N � 1 ; (6.5)

wher e

c

i

=

(

2 i = 0 or N ;

1 otherwise :

A picture mak es the pattern clearer:

D

N

=

2 N

2

+ 1

6

2

( � 1)

j

1 � x

j

1

2

( � 1)

N

( � 1)

i + j

x

i

� x

j

�

1

2

( � 1)

i

1 � x

i

� x

j

2(1 � x

2

j

)

1

2

( � 1)

N + i

1 + x

i

( � 1)

i + j

x

i

� x

j

�

1

2

( � 1)

N

� 2

( � 1)

N + j

1 + x

j

�

2 N

2

+ 1

6

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

The j th column of D

N

con tains the deriv ativ e of the degree N p olynomial

in terp olan t p

j

( x ) to the delta function supp orted at x

j

, sampled at the grid
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x

j

p

j

( x )

Fig. 6.1. De gr e e 12 p olynomial interp olant p ( x ) to the delta function supp orte d

at x

8

on the 13 -p oint Chebyshev grid with N = 12 . The slop es indic ate d by the

dashe d lines, fr om right to left, ar e the entries ( D

12

)

7 ; 8

, ( D

12

)

8 ; 8

, and ( D

12

)

9 ; 8

of the 13 � 13 sp e ctr al di�er entiation matrix D

12

.

p oin ts f x

i

g . Three suc h sampled v alues are suggested b y the dashed lines in

Figure 6.1.

Throughout this text, w e tak e adv an tage of Ma tlab 's high-lev el com-

mands for suc h op erations as p olynomial in terp olation, matrix in v ersion, and

FFT. F or clarit y of exp osition, as explained in the \Note on the Ma tlab

Programs" at the b eginning of the b o ok, our st yle is to mak e our programs

short and self-con tained. Ho w ev er, there will b e one ma jor exception to this

rule, one Ma tlab function that w e will de�ne and then call rep eatedly when-

ev er w e need Cheb yshev grids and di�eren tiation matrices. The function is

called cheb , and it returns a v ector x and a matrix D .

cheb.m

% CHEB compute D = differentiation matrix, x = Chebyshev grid

function [D,x] = cheb(N)

if N==0, D=0; x=1; return, end

x = cos(pi*(0:N)/N)';

c = [2; ones(N-1,1); 2].*(-1).^(0:N)';

X = repmat(x,1,N+1);

dX = X-X';

D = (c*(1./c)')./(dX+(eye(N+ 1))) ; % off-diagonal entries

D = D - diag(sum(D')); % diagonal entries

Note that this program do es not compute D

N

exactly b y form ulas (6.3){

(6.5). It utilizes (6.5) for the o�-diagonal en tries but then obtains the diagonal
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en tries (6.3){(6.4) from the iden tit y

( D

N

)

ii

= �

N

X

j =0

j 6= i

( D

N

)

ij

: (6.6)

This is marginally simpler to program, and it pro duces a matrix with b et-

ter stabilit y prop erties in the presence of rounding errors [BaBe00,BCM94].

Equation (6.6) can b e deriv ed b y noting that the in terp olan t to (1 ; 1 ; : : : ; 1)

T

is the constan t function p ( x ) = 1, and since p

0

( x ) = 0 for all x , D

N

m ust map

(1 ; 1 ; : : : ; 1)

T

to the zero v ector.

Here are the �rst �v e Cheb yshev di�eren tiation matrices as computed b y

cheb . Note that they are dense, with little apparen t structure apart from the

an tisymmetry condition ( D

N

)

ij

= � ( D

N

)

N � i;N � j

.

>> cheb(1)

0.5000 -0.5000

0.5000 -0.5000

>> cheb(2)

1.5000 -2.0000 0.5000

0.5000 -0.0000 -0.5000

-0.5000 2.0000 -1.5000

>> cheb(3)

3.1667 -4.0000 1.3333 -0.5000

1.0000 -0.3333 -1.0000 0.3333

-0.3333 1.0000 0.3333 -1.0000

0.5000 -1.3333 4.0000 -3.1667

>> cheb(4)

5.5000 -6.8284 2.0000 -1.1716 0.5000

1.7071 -0.7071 -1.4142 0.7071 -0.2929

-0.5000 1.4142 -0.0000 -1.4142 0.5000

0.2929 -0.7071 1.4142 0.7071 -1.7071

-0.5000 1.1716 -2.0000 6.8284 -5.5000

>> cheb(5)

8.5000 -10.4721 2.8944 -1.5279 1.1056 -0.5000

2.6180 -1.1708 -2.0000 0.8944 -0.6180 0.2764

-0.7236 2.0000 -0.1708 -1.6180 0.8944 -0.3820

0.3820 -0.8944 1.6180 0.1708 -2.0000 0.7236

-0.2764 0.6180 -0.8944 2.0000 1.1708 -2.6180

0.5000 -1.1056 1.5279 -2.8944 10.4721 -8.5000

Program 11 illustrates ho w D

N

can b e used to di�eren tiate the smo oth,

nonp erio dic function u ( x ) = e

x

sin(5 x ) on grids with N = 10 and N = 20.

The output sho ws a graph of u ( x ) alongside a plot of the error in u

0

( x ). With

N = 20, w e get 9-digit accuracy .
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Program 11

% p11.m - Chebyshev differentation of a smooth function

xx = -1:.01:1; uu = exp(xx).*sin(5*xx); clf

for N = [10 20]

[D,x] = cheb(N); u = exp(x).*sin(5*x);

subplot('position',[.15 .66-.4*(N==20) .31 .28])

plot(x,u,'.','markersize' ,14) , grid on

line(xx,uu,'linewidth',.8 )

title(['u(x), N=' int2str(N)])

error = D*u - exp(x).*(sin(5*x)+5*cos( 5*x) );

subplot('position',[.55 .66-.4*(N==20) .31 .28])

plot(x,error,'.','markers ize' ,14 ), grid on

line(x,error,'linewidth', .8)

title([' error in u''(x), N=' int2str(N)])

end

Output 11

� 1 � 0.5 0 0.5 1
� 4

� 2

0

2
f(x),  N=10

� 1 � 0.5 0 0.5 1
� 0.04

� 0.02

0

0.02
  error in f’(x),  N=10

� 1 � 0.5 0 0.5 1
� 4

� 2

0

2
f(x),  N=20

� 1 � 0.5 0 0.5 1
� 5

0

5

10
x 10

� 10  error in f’(x),  N=20

Output 11: Chebyshev di�er entiation of u ( x ) = e

x

sin(5 x ) . Note the vertic al

sc ales.
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Program 12

% p12.m - accuracy of Chebyshev spectral differentiation

% (compare p7.m)

% Compute derivatives for various values of N:

Nmax = 50; E = zeros(3,Nmax);

for N = 1:Nmax;

[D,x] = cheb(N);

v = abs(x).^3; vprime = 3*x.*abs(x); % 3rd deriv in BV

E(1,N) = norm(D*v-vprime,inf);

v = exp(-x.^(-2)); vprime = 2.*v./x.^3; % C-infinity

E(2,N) = norm(D*v-vprime,inf);

v = 1./(1+x.^2); vprime = -2*x.*v.^2; % analytic in [-1,1]

E(3,N) = norm(D*v-vprime,inf);

v = x.^10; vprime = 10*x.^9; % polynomial

E(4,N) = norm(D*v-vprime,inf);

end

% Plot results:

titles = {'|x^3|','exp(-x^{-2})', '1/ (1+x ^2)' ,'x ^{10 }'}; clf

for iplot = 1:4

subplot(2,2,iplot)

semilogy(1:Nmax,E(iplot ,:), '.', 'ma rker size ',1 2)

line(1:Nmax,E(iplot,:), 'lin ewid th' ,.8)

axis([0 Nmax 1e-16 1e3]), grid on

set(gca,'xtick',0:10:Nm ax,' ytic k', (10) .^(- 15: 5:0) )

xlabel N, ylabel error, title(titles(iplot))

end

Program 12, the Cheb yshev analogue of Program 7, illustrates sp ectral

accuracy more systematically . F our functions are sp ectrally di�eren tiated:

j x

3

j , exp ( � x

� 2

), 1 = (1 + x

2

), and x

10

. The �rst has a third deriv ativ e of b ounded

v ariation, the second is smo oth but not analytic, the third is analytic in a

neigh b orho o d of [ � 1 ; 1], and the fourth is a p olynomial, the analogue for

Cheb yshev sp ectral metho ds of a band-limited function for F ourier sp ectral

metho ds.

Summa ry of this chapter. The en tries of the Cheb yshev di�eren tiation matrix

D

N

can b e computed b y explicit form ulas, whic h can b e con v enien tly collected

in an eigh t-line Ma tlab function. More general explicit form ulas can b e

used to construct the di�eren tiation matrix for an arbitrarily prescrib ed set

of distinct p oin ts f x

j

g .
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Output 12

0 10 20 30 40 50

10
� 15

10
� 10

10
� 5

10
0

N

er
ro

r

|x3|

0 10 20 30 40 50

10
� 15

10
� 10

10
� 5

10
0

N

er
ro

r

exp(� x� 2)

0 10 20 30 40 50

10
� 15

10
� 10

10
� 5

10
0

N

er
ro

r

1/(1+x2)

0 10 20 30 40 50

10
� 15

10
� 10

10
� 5

10
0

N

er
ro

r

x10

Output 12: A c cur acy of the Chebyshev sp e ctr al derivative for four functions of

incr e asing smo othness. Comp ar e Output 7 (p. 36 ).

Exercises

6.1. If x

0

; x

1

; : : : ; x

N

2 R are distinct, then the c ar dinal function p

j

( x ) de�ned b y

p

j

( x ) =

1

a

j

N

Y

k =0

k 6= j

( x � x

k

) ; a

j

=

N

Y

k =0

k 6= j

( x

j

� x

k

) (6.7)

is the unique p olynomial in terp olan t of degree N to the v alues 1 at x

j

and 0 at x

k

,

k 6= j . T ak e the logarithm and di�eren tiate to obtain

p

0

j

( x ) = p

j

( x )

N

X

k =0

k 6= j

( x � x

k

)

� 1

;

and from this deriv e the form ulas
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D

ij

=

1

a

j

N

Y

k =0

k 6= i;j

( x

i

� x

k

) =

a

i

a

j

( x

i

� x

j

)

( i 6= j ) (6.8)

and

D

j j

=

N

X

k =0

k 6= j

( x

j

� x

k

)

� 1

(6.9)

for the en tries of the N � N di�eren tiation matrix asso ciated with the p oin ts f x

j

g .

(See also Exercise 12.2.)

6.2. Deriv e Theorem 7 from (6.8) and (6.9).

6.3. Supp ose � 1 = x

0

< x

1

< x

2

< � � � < x

N

= 1 lie in the minimal-energy

con�guration in [ � 1 ; 1] in the sense discussed on p. 49. Sho w that except in the

corners, the diagonal en tries of the corresp onding di�eren tiation matrix D are zero.

6.4. It is men tioned on p. 55 that Cheb yshev di�eren tiation matrices ha v e the sym-

metry prop ert y ( D

N

)

ij

= � ( D

N

)

N � i;N � j

. (a) Explain where this condition comes

from. (b) Deriv e the analogous symmetry condition for ( D

N

)

2

. (c) T aking N to b e

o dd, so that the dimension of D

N

is ev en, explain ho w ( D

N

)

2

could b e constructed

from just half the en tries of D

N

. F or large N , ho w do es the 
oating p oin t op eration

coun t for this pro cess compare with that for straigh tforw ard squaring of D

N

?

6.5. Mo dify cheb so that it computes the diagonal en tries of D

N

b y the explicit

form ulas (6.3){(6.4) rather than b y (6.6). Con�rm that y our co de pro duces the same

results except for rounding errors. Then see if y ou can �nd n umerical evidence that

it is less stable n umerically than cheb .

6.6. The second panel of Output 12 sho ws a sudden dip for N = 2. Sho w that in

fact, E (2 ; 2) = 0 (apart from rounding errors).

6.7. Theorem 6 mak es a prediction ab out the geometric rate of con v ergence in the

third panel of Output 12. Exactly what is this prediction? Ho w w ell do es it matc h

the observ ed rate of con v ergence?

6.8. Let D

N

b e the usual Cheb yshev di�eren tiation matrix. Sho w that the p o w er

( D

N

)

N +1

is iden tically equal to zero. No w try it on the computer for N = 5 and 20

and rep ort the computed 2-norms k ( D

5

)

6

k

2

and k ( D

20

)

21

k

2

. Discuss.
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7. Boundary Value Problems

W e ha v e de�ned the Cheb yshev di�eren tiation matrix D

N

and put together

a Ma tlab program, cheb , to compute it. In this c hapter w e illustrate ho w

suc h matrices can b e used to solv e some b oundary v alue problems arising in

ordinary and partial di�eren tial equations.

As our �rst example, consider the linear ODE b oundary v alue problem

u

xx

= e

4 x

; � 1 < x < 1 ; u ( � 1) = 0 : (7.1)

This is a P oisson equation, with solution u ( x ) = [ e

4 x

� x sinh(4) � cosh (4)] = 16.

W e use the PDE notation u

xx

instead of u

00

b ecause w e shall so on increase the

n um b er of dimensions.

T o solv e the problem n umerically , w e can compute the second deriv ativ e via

D

2

N

, the square of D

N

. The �rst thing to note is that D

2

N

can b e ev aluated

either b y squaring D

N

, whic h costs O ( N

3

) 
oating p oin t op erations, or b y

explicit form ulas [GoLu83a,P ey86] or recurrences [W eRe00,W el97], whic h cost

O ( N

2

) 
ops. There are real adv an tages to the latter approac hes, but in this

b o ok, for simplicit y , w e just square D

N

.

The other half of the problem is the imp osition of the b oundary condi-

tions u ( � 1) = 0. F or simple problems lik e (7.1) with homogeneous Diric hlet

b oundary conditions, w e can pro ceed as follo ws. W e tak e the in terior Cheb y-

shev p oin ts x

1

; : : : ; x

N � 1

as our computational grid, with v = ( v

1

; : : : ; v

N � 1

)

T

as the corresp onding v ector of unkno wns. Sp ectral di�eren tiation is then car-

ried out lik e this:

� L et p ( x ) b e the unique p olynomial of de gr e e � N with p ( � 1) = 0 and p ( x

j

) =

v

j

, 1 � j � N � 1 .
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� Set w

j

= p

00

( x

j

) , 1 � j � N � 1 .

This is not the only means of imp osing b oundary conditions in sp ectral meth-

o ds. W e shall consider alternativ es in Chapter 13, where among other exam-

ples, Programs 32 and 33 (pp. 136 and 138) solv e (7.1) again with inhomoge-

neous Diric hlet and homogeneous Neumann b oundary conditions, resp ectiv ely .

No w D

2

N

is an ( N + 1) � ( N + 1) matrix that maps a v ector ( v

0

; : : : ; v

N

)

T

to

a v ector ( w

0

; : : : ; w

N

)

T

. The pro cedure just describ ed amoun ts to a decision

that w e wish to:

� Fix v

0

and v

N

at zer o.

� Ignor e w

0

and w

N

.

This implies that the �rst and last columns of D

2

N

ha v e no e�ect (since m ulti-

plied b y zero) and the �rst and last ro ws ha v e no e�ect either (since ignored):

0

B

B

B

B

B

B

B

B

B

B

@

w

0

w

1

.

.

.

.

.

.

.

.

.

w

N � 1

w

N

1

C

C

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

B

@

D

2

N

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

B

B

@

v

0

v

1

.

.

.

.

.

.

.

.

.

v

N � 1

v

N

1

C

C

C

C

C

C

C

C

C

C

A

:

w

0

w

N

v

0

v

N

ignor e d

-

ignor e d

-

zer o e d

�

zer o e d

�

In other w ords, to solv e our 1D P oission problem b y a Cheb yshev sp ectral

metho d, w e can mak e use of the ( N � 1) � ( N � 1) matrix

e

D

2

N

obtained b y

stripping D

2

N

of its �rst and last ro ws and columns. In Ma tlab notation:

e

D

2

N

= D

2

N

(1 : N � 1 ; 1 : N � 1) :

In an actual Ma tlab program, since indices start at 1 instead of 0, this will

b ecome D2 = D2(2:N,2:N) .

With

e

D

2

N

in hand, the n umerical solution of (7.1) b ecomes a matter of

solving a linear system of equations:

e

D

2

N

v = f :

Program 13 carries out this pro cess. W e should dra w atten tion to a feature of

this program that app ears here for the �rst time in the b o ok and will reapp ear

in a n um b er of our later programs. Although the algorithm calculates the v ec-

tor ( v

1

; : : : ; v

N � 1

)

T

of appro ximations to u at the grid p oin ts, as alw a ys with
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sp ectral metho ds, w e really ha v e more information ab out the n umerical solu-

tion than just p oin t v alues. Implicitly w e are dealing with a p olynomial in ter-

p olan t p ( x ), and in Ma tlab this can b e calculated con v enien tly (though not

v ery quic kly or stably) b y a command of the form polyval(polyfit(...)) .

Program 13 uses this tric k to ev aluate p ( x ) on a �ne grid, b oth for plotting

and for measuring the error, whic h pro v es to b e on the order of 10

� 10

. Exer-

cise 7.1 in v estigates the more stable metho d for constructing p ( x ) kno wn as

barycen tric in terp olation. F or practical plotting purp oses with sp ectral meth-

o ds, m uc h simpler lo cal in terp olan ts are usually adequate; see e.g. the use of

interp2( : : : ,'cubic') in Program 16 (p. 70).

What if the equation is nonlinear? F or example, supp ose w e c hange (7.1)

to

u

xx

= e

u

; � 1 < x < 1 ; u ( � 1) = 0 : (7.2)

Because of the nonlinearit y , it is no longer enough simply to in v ert the second

order di�eren tiation matrix

e

D

2

N

. Instead, w e can solv e the problem iterativ ely .

W e c ho ose an initial guess, suc h as the v ector of zeros, and then iterate b y

rep eatedly solving the system of equations

e

D

2

N

v

new

= exp ( v

old

) ;

where exp ( v ) is the column v ector de�ned comp onen t wise b y (exp ( v ))

j

= e

v

j

.

Program 14 implemen ts this iteration with a crude stopping criterion, and

con v ergence o ccurs in 29 steps.

T o con vince ourselv es that w e ha v e obtained the correct solution, w e can

mo dify Program 14 to prin t results for v arious N . Here is suc h a table:

N no. its. u(0)

2 34 -0.35173371124920

4 29 -0.36844814823915

6 29 -0.36805450387666

8 29 -0.36805614384219

10 29 -0.36805602345302

12 29 -0.36805602451189

14 29 -0.36805602444069

16 29 -0.36805602444149

18 30 -0.36805602444143

20 29 -0.36805602444143

Eviden tly u (0) is accurate to 12 or 13 digits, ev en with N = 16. The con v er-

gence of this iteration is analyzed in Exercise 7.3.

As a third application of the mo di�ed second order di�eren tiation matrix

e

D

2

N

, consider the eigen v alue b oundary v alue problem

u

xx

= �u; � 1 < x < 1 ; u ( � 1) = 0 : (7.3)
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Program 13

% p13.m - solve linear BVP u_xx = exp(4x), u(-1)=u(1)=0

N = 16;

[D,x] = cheb(N);

D2 = D^2;

D2 = D2(2:N,2:N); % boundary conditions

f = exp(4*x(2:N));

u = D2\f; % Poisson eq. solved here

u = [0;u;0];

clf, subplot('position',[.1 .4 .8 .5])

plot(x,u,'.','markersize' ,16)

xx = -1:.01:1;

uu = polyval(polyfit(x,u,N),x x); % interpolate grid data

line(xx,uu,'linewidth',.8 )

grid on

exact = ( exp(4*xx) - sinh(4)*xx - cosh(4) )/16;

title(['max err = ' num2str(norm(uu-exact,in f)) ],'f onts ize ',12 )

Output 13

� 1 � 0.8 � 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6 0.8 1
� 2.5

� 2

� 1.5

� 1

� 0.5

0
max err = 1.261e� 10

Output 13: Solution of the line ar b oundary value pr oblem (7.1) .
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Program 14

% p14.m - solve nonlinear BVP u_xx = exp(u), u(-1)=u(1)=0

% (compare p13.m)

N = 16;

[D,x] = cheb(N); D2 = D^2; D2 = D2(2:N,2:N);

u = zeros(N-1,1);

change = 1; it = 0;

while change > 1e-15 % fixed-point iteration

unew = D2\exp(u);

change = norm(unew-u,inf);

u = unew; it = it+1;

end

u = [0;u;0];

clf, subplot('position',[.1 .4 .8 .5])

plot(x,u,'.','markersize' ,16)

xx = -1:.01:1;

uu = polyval(polyfit(x,u,N),x x);

line(xx,uu,'linewidth',.8 ), grid on

title(sprintf('no. steps = %d u(0) =%18.14f',it,u(N/2+1)))

Output 14

� 1 � 0.8 � 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6 0.8 1
� 0.4

� 0.3

� 0.2

� 0.1

0

0.1
no. steps = 29      u(0) = � 0.36805602444149

Output 14: Solution of the nonline ar b oundary value pr oblem (7.2) .
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Program 15

% p15.m - solve eigenvalue BVP u_xx = lambda*u, u(-1)=u(1)=0

N = 36; [D,x] = cheb(N); D2 = D^2; D2 = D2(2:N,2:N);

[V,Lam] = eig(D2); lam = diag(Lam);

[foo,ii] = sort(-lam); % sort eigenvalues and -vectors

lam = lam(ii); V = V(:,ii); clf

for j = 5:5:30 % plot 6 eigenvectors

u = [0;V(:,j);0]; subplot(7,1,j/5)

plot(x,u,'.','markersiz e',1 2), grid on

xx = -1:.01:1; uu = polyval(polyfit(x,u,N),xx );

line(xx,uu,'linewidth', .7), axis off

text(-.4,.5,sprintf('ei g %d =%20.13f*4/pi^2',j,lam(j) *4/ pi^2 ))

text(.7,.5,sprintf('%4. 1f ppw', 4*N/(pi*j)))

end

Output 15

eig 5  =   � 25.0000000000000*4/pi2  9.2  ppw

eig 10  =  � 100.0000000000226*4/pi2  4.6  ppw

eig 15  =  � 225.0000080022780*4/pi2  3.1  ppw

eig 20  =  � 400.4335180237166*4/pi2  2.3  ppw

eig 25  =  � 635.2304113880039*4/pi2  1.8  ppw

eig 30  = � 2375.3374607793266*4/pi2  1.5  ppw

Output 15: Eigenvalues and eigenmo des of

e

D

2

N

and the numb er of grid p oints

p er wavelength ( pp w ) at the c enter of the grid.
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0

0

� 1

� 1

1

1

Fig. 7.1. A tensor pr o duct grid.

The eigen v alues of this problem are � = � �

2

n

2

= 4 ; n = 1 ; 2 ; : : : ; with corre-

sp onding eigenfunctions sin ( n� ( x + 1) = 2). Program 15 calculates the eigen-

v alues and eigen v ectors of

e

D

2

N

for N = 30 b y Ma tlab 's built-in matrix eigen-

v alue routine eig . The n um b ers and plots of Output 15 rev eal a great deal

ab out the accuracy of sp ectral metho ds. Eigen v alues 5, 10, and 15 are obtained

to man y digits of accuracy , and eigen v alue 20 is still prett y go o d. Eigen v alue

25 is accurate to only one digit, ho w ev er, and eigen v alue 30 is wrong b y a

factor of 3. The crucial quan tit y that explains this b eha vior is the n um b er of

p oin ts p er w a v elength (\pp w") in the cen tral, coarsest part of the grid near

x = 0. With at least 2 p oin ts p er w a v elength, the grid is �ne enough ev-

erywhere to resolv e the w a v e. With less than 2 p oin ts p er w a v elength, the

w a v e cannot b e resolv ed, and eigen v ectors are obtained that are meaningless

as appro ximations to the original problem.

W e no w consider ho w to extend these metho ds to b oundary v alue problems

in sev eral space dimensions. T o b e sp eci�c, here is a 2D P oisson problem:

u

xx

+ u

y y

= 10 sin (8 x ( y � 1)) ; � 1 < x; y < 1 ; u = 0 on the b oundary .

(7.4)

(The righ t-hand side has b een c hosen to mak e an in teresting picture.) F or

suc h a problem w e naturally set up a grid based on Cheb yshev p oin ts inde-

p enden tly in eac h direction, called a tensor pr o duct grid (Figure 7.1). Note

that whereas in 1D, a Cheb yshev grid is 2 =� times as dense in the middle as

an equally spaced grid, in d dimensions this �gure b ecomes (2 =� )

d

. Th us the

great ma jorit y of grid p oin ts lie near the b oundary . Sometimes this is w asteful,

and tec hniques ha v e b een devised to reduce the w aste [F or96,KaSh99,KoT a93].
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A t other times, when b oundary la y ers or other �ne details app ear near b ound-

aries, the extra resolution there ma y b e useful.

The easiest w a y to solv e a problem on a tensor pro duct sp ectral grid is

to use tensor pro ducts in linear algebra, also kno wn as Kr one cker pr o ducts .

The Kronec k er pro duct of t w o matrices A and B is denoted b y A 
 B and

is computed in Ma tlab b y the command kron(A,B) . If A and B are of

dimensions p � q and r � s , resp ectiv ely , then A 
 B is the matrix of dimension

p r � q s with p � q blo c k form, where the i; j blo c k is a

ij

B . F or example,

�

1 2

3 4

�




�

a b

c d

�

=

0

B

B

B

@

a b 2 a 2 b

c d 2 c 2 d

3 a 3 b 4 a 4 b

3 c 3 d 4 c 4 d

1

C

C

C

A

:

T o explain ho w Kronec k er pro ducts can b e used for sp ectral metho ds, let

us consider the case N = 4. Supp ose w e n um b er the in ternal no des in the

ob vious, \lexicographic" ordering:

11 22 33

44 55 66

77 88 99

Also supp ose that w e ha v e data ( v

1

; v

2

; : : : ; v

9

)

T

at these grid p oin ts. W e

wish to appro ximate the Laplacian b y di�eren tiating sp ectrally in the x and

y directions indep enden tly . No w the 3 � 3 di�eren tiation matrix with N = 4

in 1D is giv en b y D = cheb(4); D2 = D ^

^

^ 2; D2 = D2(2:4,2:4) :

e

D

2

4

=

0

B

@

� 14 6 � 2

4 � 6 4

� 2 6 � 14

1

C

A

:

If I denotes the 3 � 3 iden tit y , then the second deriv ativ e with resp ect to x
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will accordingly b e computed b y the matrix kron(I,D2) :

I 


e

D

2

N

=

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

� 14 6 � 2

4 � 6 4

� 2 6 � 14

� 14 6 � 2

4 � 6 4

� 2 6 � 14

� 14 6 � 2

4 � 6 4

� 2 6 � 14

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

The second deriv ativ e with resp ect to y will b e computed b y kron(D2,I) :

e

D

2

N


 I =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

� 14 6 � 2

� 14 6 � 2

� 14 6 � 2

4 � 6 4

4 � 6 4

4 � 6 4

� 2 6 � 14

� 2 6 � 14

� 2 6 � 14

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

Our discrete Laplacian is no w

L

N

= I 


e

D

2

N

+

e

D

2

N


 I : (7.5)

This matrix, though not dense, is not as sparse as one t ypically gets with

�nite di�erences or �nite elemen ts. F ortunately , thanks to sp ectral accuracy ,

w e ma y hop e to obtain satisfactory results with dimensions in the h undreds

rather than the thousands or tens of thousands.

Program 16 solv es the P oisson problem (7.4) n umerically with N = 24.

The program pro duces t w o plots, whic h w e lab el Output 16a and Output 16b.

The �rst sho ws the lo cations of the 23,805 nonzero en tries in the 529 � 529

matrix L

24

. The second plots the solution and prin ts the v alue u ( x; y ) for

x = y = 2

� 1 = 2

, whic h is con v enien t b ecause this is one of the grid p oin ts

whenev er N is divisible b y 4. The program also notes the time tak en to

p erform the solution of the linear sytem of equations: on m y Sparc Ultra 5

w orkstation, 2.4 seconds.

A v ariation of the P oisson equation is the Helmholtz e quation ,

u

xx

+ u

y y

+ k

2

u = f ( x; y ) ; � 1 < x; y < 1 ; u = 0 on the b oundary , (7.6)



70 Sp ectral Metho ds in M A TLAB

Program 16

% p16.m - Poisson eq. on [-1,1]x[-1,1] with u=0 on boundary

% Set up grids and tensor product Laplacian and solve for u:

N = 24; [D,x] = cheb(N); y = x;

[xx,yy] = meshgrid(x(2:N),y(2:N)) ;

xx = xx(:); yy = yy(:); % stretch 2D grids to 1D vectors

f = 10*sin(8*xx.*(yy-1));

D2 = D^2; D2 = D2(2:N,2:N); I = eye(N-1);

L = kron(I,D2) + kron(D2,I); % Laplacian

figure(1), clf, spy(L), drawnow

tic, u = L\f; toc % solve problem and watch the clock

% Reshape long 1D results onto 2D grid:

uu = zeros(N+1,N+1); uu(2:N,2:N) = reshape(u,N-1,N-1);

[xx,yy] = meshgrid(x,y);

value = uu(N/4+1,N/4+1);

% Interpolate to finer grid and plot:

[xxx,yyy] = meshgrid(-1:.04:1,-1:.04 :1);

uuu = interp2(xx,yy,uu,xxx,yy y,'c ubi c');

figure(2), clf, mesh(xxx,yyy,uuu), colormap([0 0 0])

xlabel x, ylabel y, zlabel u

text(.4,-.3,-.3,sprintf(' u(2^ {-1/ 2}, 2^{- 1/2} ) = %14.11f',value))

where k is a real parameter. This equation arises in the analysis of w a v e

propagation go v erned b y the equation

� U

tt

+ U

xx

+ U

y y

= e

ik t

f ( x; y ) ; � 1 < x; y < 1 ; U = 0 on the b oundary

(7.7)

after separation of v ariables to get U ( x; y ; t ) = e

ik t

u ( x; y ). Program 17 is a

minor mo di�cation of Program 16 to solv e suc h a problem for the particular

c hoices

k = 9 ; f ( x; y ) = exp ( � 10 [ ( y � 1)

2

+ ( x �

1

2

)

2

] ) : (7.8)

The solution app ears as a mesh plot in Output 17a and as a con tour plot in

Output 17b. It is clear that the resp onse generated b y this forcing function

f ( x; y ) for this v alue k = 9 has appro ximately the form of a w a v e with three

half-w a v elengths in the x direction and �v e half-w a v elengths in the y direction.

This is easily explained. Suc h a w a v e is an eigenfunction of the homogeneous
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50
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450

500

nz = 23805

Output 16a

Output 16a: Sp arsity plot of the 529 � 529 discr ete L aplacian (7.5) .

� 1
� 0.5

0
0.5

1

� 1

� 0.5

0

0.5

1
� 0.5

0

0.5

x

u(2� 1/2,2� 1/2) =  0.32071594511

y

u

Output 16b

Output 16b: Solution of the Poisson e quation (7.4) . The r esult has b e en

interp olate d to a �ner r e ctangular grid for plotting. The c ompute d value

u (2

� 1 = 2

; 2

� 1 = 2

) is ac cur ate to nine digits.
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Helmholtz problem (i.e., f ( x; y ) = 0) with eigen v alue

k =

1

2

p

3

2

+ 5

2

� 9 : 1592 :

Our c hoice k = 9 giv es near-resonance with this (3,5) mo de.

Program 17

% p17.m - Helmholtz eq. u_xx + u_yy + (k^2)u = f

% on [-1,1]x[-1,1] (compare p16.m)

% Set up spectral grid and tensor product Helmholtz operator:

N = 24; [D,x] = cheb(N); y = x;

[xx,yy] = meshgrid(x(2:N),y(2:N)) ;

xx = xx(:); yy = yy(:);

f = exp(-10*((yy-1).^2+(xx-.5 ).^2 ));

D2 = D^2; D2 = D2(2:N,2:N); I = eye(N-1);

k = 9;

L = kron(I,D2) + kron(D2,I) + k^2*eye((N-1)^2);

% Solve for u, reshape to 2D grid, and plot:

u = L\f;

uu = zeros(N+1,N+1); uu(2:N,2:N) = reshape(u,N-1,N-1);

[xx,yy] = meshgrid(x,y);

[xxx,yyy] = meshgrid(-1:.0333:1,-1:. 0333 :1);

uuu = interp2(xx,yy,uu,xxx,yy y,'c ubi c');

figure(1), clf, mesh(xxx,yyy,uuu), colormap([0 0 0])

xlabel x, ylabel y, zlabel u

text(.2,1,.022,sprintf('u (0,0 ) = %13.11f',uu(N/2+1,N/2+1)) )

figure(2), clf, contour(xxx,yyy,uuu)

colormap([0 0 0]), axis square

Summa ry of this chapter. Homogeneous Diric hlet b oundary conditions for

sp ectral collo cation metho ds can b e implemen ted b y simply deleting the �rst

and/or last ro ws and columns of a sp ectral di�eren tiation matrix. Problems

in t w o space dimensions can b e form ulated in terms of Kronec k er pro ducts,

and for mo derate sized grids, solv ed that w a y on the computer. Nonlinear

problems can b e solv ed b y iteration.
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� 1
� 0.5

0
0.5

1

� 1

� 0.5

0

0.5

1
� 0.03

� 0.02

� 0.01

0

0.01

0.02

0.03

x

u(0,0) = 0.01172257000

y

u

Output 17a

Output 17a: Solution of the Helmholtz pr oblem (7.6) , (7.8). The computed

v alue u (0 ; 0) is accurate to nine digits.

� 1 � 0.5 0 0.5
� 1

� 0.8

� 0.6

� 0.4

� 0.2

0

0.2

0.4

0.6

0.8
Output 17b

Output 17b: Same r esult r epr esente d as c ontour plot.
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Exercises

7.1. Mo dify Program 13 so that instead of polyval and polyfit , it uses the more

stable form ula of b aryc entric interp olation [Hen82]:

p ( x ) =

N

X

j =0

a

� 1

j

u

j

x � x

j

,

N

X

j =0

a

� 1

j

x � x

j

; (7.9)

where f a

j

g are de�ned b y (6.7). Exp erimen t with v arious in terp olation problems

(suc h as that of Exercise 5.1) and �nd evidence of the enhanced stabilit y of this

metho d.

7.2. Solv e the b oundary v alue problem u

xx

+ 4 u

x

+ e

x

u = sin (8 x ) n umerically on

[ � 1 ; 1] with b oundary conditions u ( � 1) = 0. T o ten digits of accuracy , what is

u (0) ?

7.3. In the iteration of Program 14, eac h step is observ ed to reduce the error norm

b y a factor of ab out 0 : 2943. This explains wh y 30 steps are enough to reduce the

error to 10

� 14

. Add one or t w o lines to the co de to compute the eigen v alues of an

appropriate matrix to sho w where the n um b er 0 : 2943 comes from.

7.4. Devise an alternativ e to Program 14 based on Newton iteration rather than

�xed-p oin t iteration, and mak e it w ork. Do y ou observ e quadratic con v ergence?

7.5. A curious feature of Program 15 is that, although the problem is self-adjoin t,

the matrix that appro ximates it is not symmetric. This is t ypical of sp ectral col-

lo cation (but not Galerkin) metho ds. Man y things can b e said ab out ho w m uc h it

do es or do es not matter [CaGo96,McRo00], but let us consider just one: the cost

in linear algebra. P erform exp erimen ts in Ma tlab to estimate ho w m uc h slo w er

nonsymmetric real eigen v alue/eigen v ector calculations are than symmetric ones for

dense N � N matrices for v alues of N suc h as 100, 200, 300. Lo ok up the algo-

rithms in a b o ok suc h as [Dem97] or [GoV a96] to see ho w y our exp erimen ts matc h

theoretical predictions.

7.6. Sho w ho w, b y adding just t w o c haracters to Program 16, one can mak e the

program solv e the linear system of equations b y sparse rather than dense metho ds of

n umerical linear algebra. This particular sparsit y structure is not readily exploited,

ho w ev er. Pro vide evidence on this matter b y comparing timings for the dense and

sparse v arian ts of the co de with N = 24 and 32.

7.7. As explained in the text, the solution of Output 17 has the form it do es b ecause

of near-resonance with the (5 ; 3) eigen v alue k � 9 : 1592. Run the same program to

pro duce con tour plots for eac h of the in tegers k = 1 ; 2 ; 3 ; : : : ; 20. In eac h case, judge

from the �gure what mo de ( i; j ), if an y , seems to b e principally excited, and pro duce

a table sho wing ho w closely k matc hes the asso ciated eigen v alue ( � = 2)

p

i

2

+ j

2

.



8. Chebyshev Series and the FFT

In this c hapter w e will see ho w Cheb yshev sp ectral metho ds can b e imple-

men ted b y the FFT, whic h pro vides a crucial sp eedup for some calculations.

Equally imp ortan t will b e the mathematical idea that underlies this tec hnique:

the equiv alence of

Cheb yshev series in x 2 [ � 1 ; 1],

F ourier series in � 2 R ,

Lauren t series in z on the unit circle.

The basis of our dev elopmen t is summarized in Figure 8.1. Let z b e a

complex n um b er on the unit circle: j z j = 1. Let � b e the argumen t of z , a real

n um b er that is determined up to m ultiples of 2 � . Let x = Re z = cos � . F or

eac h x 2 [ � 1 ; 1], there are t w o complex conjugate v alues of z , and w e ha v e

x = Re z =

1

2

( z + z

� 1

) = cos � 2 [ � 1 ; 1] : (8.1)

The n th Chebyshev p olynomial , denoted T

n

, is de�ned b y

T

n

( x ) = Re z

n

=

1

2

( z

n

+ z

� n

) = cos n� : (8.2)

F rom this form ula, it is not ob vious that T

n

( x ) is a p olynomial in x . The

cases n = 0 ; 1 ; 2 and 3 mak e the p oin t clear:

Re z

0

= 1 ) T

0

( x ) = 1 ;

Re z

1

=

1

2

( z + z

� 1

) ) T

1

( x ) = x;

Re z

2

=

1

2

( z

2

+ z

� 2

) =

1

2

( z

1

+ z

� 1

)

2

� 1 ) T

2

( x ) = 2 x

2

� 1 ;

Re z

3

=

1

2

( z

3

+ z

� 3

) =

1

2

( z

1

+ z

� 1

)

3

�

3

2

( z + z

� 1

) ) T

3

( x ) = 4 x

3

� 3 x:
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� 1 1

0

�

x = Re z = cos �

z = e

i�

z

� 1

= e

� i�

Fig. 8.1. R elationships b etwe en x , z and � .

In general,

T

n +1

( x ) =

1

2

( z

n +1

� z

� n � 1

) =

1

2

( z

n

+ z

� n

)( z + z

� 1

) �

1

2

( z

n � 1

+ z

1 � n

) ;

whic h amoun ts to the recurrence relation

T

n +1

( x ) = 2 xT

n

( x ) � T

n � 1

( x ) : (8.3)

By induction, w e deduce that T

n

is a p olynomial of degree exactly n for eac h

n � 0, with leading co e�cien t 2

n � 1

for eac h n � 1. Figure 8.2 giv es a geometric

in terpretation.

Since T

n

is of exact degree n for eac h n , an y degree N p olynomial can b e

written uniquely as a linear com bination of Cheb yshev p olynomials,

p ( x ) =

N

X

n =0

a

n

T

n

( x ) ; x 2 [ � 1 ; 1] : (8.4)

Corresp onding to this is a degree N L aur ent p olynomial in z and z

� 1

that is

self-r e cipr o c al , whic h means that z

n

and z

� n

ha v e equal co e�cien ts:

p ( z ) =

1

2

N

X

n =0

a

n

( z

n

+ z

� n

) ; j z j = 1 : (8.5)

Also corresp onding to these is a degree N 2 � -p erio dic trigonometric p olyno-

mial that is ev en, that is, suc h that P ( � ) = P ( � � ):

P ( � ) =

N

X

n =0

a

n

cos n� ; � 2 R : (8.6)
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� 10 1�

cos n� T

n

( x )

x�

Fig. 8.2. The Chebyshev p olynomial T

n

c an b e interpr ete d as a sine wave

\wr app e d ar ound a cylinder and viewe d fr om the side".

The functions (8.4){(8.6) are equiv alen t in the sense that p ( x ) = p ( z ) = P ( � )

when x , z , and � are related b y (8.1). Note that w e ha v e in tro duced di�eren t

fon ts to distinguish the x , z and � domains. Similarly , from an arbitrary

function f ( x ) de�ned for x 2 [ � 1 ; 1], w e can form a self-recipro cal function

f ( z ) de�ned on the unit circle and a p erio dic function F ( � ) de�ned on R :

f ( z ) = f

�

z + z

� 1

2

�

; F ( � ) = f (cos � ) :

F or sp ectral collo cation metho ds, w e mainly deal with (8.4){(8.6) as in ter-

p olan ts of function f , f , and F . The in terp olation p oin ts are as follo ws:

�

j

= j � = N ;

z

j

= e

i�

j

;

x

j

= cos �

j

= Re z

j

;

with 0 � j � N . W e ha v e the equiv alences:

P ( � ) in terp olates F ( � ) (ev en and 2 � -p erio dic) in the equispaced p oin ts f �

j

g

m

p ( z ) in terp olates f ( z ) (self-recipro cal) in the ro ots of unit y f z

j

g

m

p ( x ) in terp olates f ( x ) (arbitrary) in the Cheb yshev p oin ts f x

j

g .

W e are no w prepared to describ e a discrete F ourier transform algorithm

for Cheb yshev sp ectral di�eren tiation. The k ey p oin t is that the p olynomial

in terp olan t q of f can b e di�eren tiated b y �nding a trigonometric p olynomial

in terp olan t Q of F , di�eren tiating in F ourier space, and transforming bac k to
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the x v ariable. Once w e are w orking on a p erio dic equispaced grid, w e can

tak e adv an tage of the discrete F ourier transform.

Cheb yshev sp ectral di�erentiation via FFT

� Giv en data v

0

; : : : ; v

N

at Cheb yshev p oin ts x

0

= 1 ; : : : ; x

N

= � 1, extend

this data to a v ector V of length 2 N with V

2 N � j

= v

j

; j = 1 ; 2 ; : : : ; N � 1.

� Using the FFT, calculate

^

V

k

=

�

N

2 N

X

j =1

e

� ik �

j

V

j

; k = � N + 1 ; : : : ; N :

� De�ne

^

W

k

= ik ^v

k

, except

^

W

N

= 0.

� Compute the deriv ativ e of the trigonometric in terp olan t Q on the equispaced

grid b y the in v erse FFT:

W

j

=

1

2 �

N

X

k = � N +1

e

ik �

j

^

W

k

; j = 1 ; : : : ; 2 N :

� Calculate the deriv ativ e of the algebraic p olynomial in terp olan t q on the

in terior grid p oin ts b y

w

j

= �

W

j

p

1 � x

2

j

; j = 1 ; : : : ; N � 1 ;

with the sp ecial form ulas at the endp oin ts

w

0

=

1

2 �

N

X

n =0

0

n

2

^v

n

; w

N

=

1

2 �

N

X

n =0

0

( � 1)

n +1

n

2

^v

n

;

where the prime indicates that the terms n = 0 ; N are m ultiplied b y

1

2

.

These form ulas can b e explained as follo ws. The trigonometric in terp olan t

of the extended f v

j

g data is giv en b y ev aluating the in v erse discrete F ourier

transform at arbitrary � . Using the a

n

co e�cien ts w e �nd that

P ( � ) =

1

2 �

N

X

k = � N +1

e

ik �

^v

k

=

N

X

n =0

a

n

cos n� :
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The algebraic p olynomial in terp olan t of the f v

j

g data is p ( x ) = P ( � ), where

x = cos � , and the deriv ativ e is

q

0

( x ) =

Q

0

( � )

dx=d�

=

�

P

N

n =0

na

n

sin n�

� sin �

=

P

N

n =0

na

n

sin n�

p

1 � x

2

:

As for the sp ecial form ulas for w

0

and w

N

, w e determine the v alue of q

0

( x ) at

x = � 1 b y l'H^ opital's rule [Str91], whic h giv es

q

0

(1) =

N

X

n =0

n

2

a

n

; q

0

( � 1) =

N

X

n =0

( � 1)

n +1

n

2

a

n

:

It is straigh tforw ard to generalize the metho d for higher deriv ativ es. A t

the stage of di�eren tiation in F ourier space w e m ultiply b y ( ik )

�

to calculate

the � th deriv ativ e, and if � is o dd, w e set

^

W

N

= 0. Secondly , the appropriate

factors need to b e calculated for con v erting b et w een deriv ativ es on the equi-

spaced grid and on the Cheb yshev grid, that is, deriv ativ es in the � and x

v ariables. F or example, the second deriv ativ es are related b y

q

00

( x ) =

� x

(1 � x

2

)

3 = 2

Q

0

( � ) +

1

1 � x

2

Q

0 0

( � ) : (8.7)

If W

j

and W

(2)

j

are the �rst and second deriv ativ es on the equispaced grid,

resp ectiv ely , then the second deriv ativ e on the Cheb yshev grid is giv en b y

w

(2)

j

=

� x

j

(1 � x

2

j

)

3 = 2

W

j

+

1

1 � x

2

j

W

(2)

j

; 1 � j � N � 1 :

Again, sp ecial form ulas are needed for j = 0 and N .

On p. 24 it w as men tioned that when the complex FFT is applied to

di�eren tiate a real p erio dic function, a factor of t w o in e�ciency is lost. In

the metho d w e ha v e just describ ed, the situation is w orse, for not only is V real

(t ypically), but it is ev en (alw a ys), and together these facts imply that

^

V is

real and ev en to o (Exercise 2.2). A factor of four is no w at stak e, and the righ t

w a y to tak e adv an tage of this is to use a Discr ete Cosine T r ansform (DCT)

instead of an FFT. See [BrHe95], [V an92], and App endix F of [F or96] for a

discussion of symmetries in F ourier transforms and ho w to tak e adv an tage of

them. A t the time of this writing, ho w ev er, although a DCT co de is included

in Ma tlab 's Signal Pro cessing T o olb o x, there is no DCT in Ma tlab itself.

In the follo wing program, chebfft , w e ha v e accordingly c hosen to use the

general FFT co de and accept the loss of e�ciency .
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cheb�t.m

% CHEBFFT Chebyshev differentiation via FFT. Simple, not optimal.

% If v is complex, delete "real" commands.

function w = chebfft(v)

N = length(v)-1; if N==0, w=0; return, end

x = cos((0:N)'*pi/N);

ii = 0:N-1;

v = v(:); V = [v; flipud(v(2:N))]; % transform x -> theta

U = real(fft(V));

W = real(ifft(1i*[ii 0 1-N:-1]'.*U));

w = zeros(N+1,1);

w(2:N) = -W(2:N)./sqrt(1-x(2:N).^ 2); % transform theta -> x

w(1) = sum(ii'.^2.*U(ii+1))/N + .5*N*U(N+1);

w(N+1) = sum((-1).^(ii+1)'.*ii'.^ 2.* U(ii +1)) /N + ...

.5*(-1)^(N+1)*N*U(N+1);

Program 18 calls chebfft to calculate the Cheb yshev deriv ativ e of f ( x ) =

e

x

sin (5 x ) for N = 10 and 20 using the FFT. The results are giv en in Out-

put 18. Compare this with Output 11 (p. 56), whic h illustrates the same

calculation implemen ted using matrices. The di�erences are just at the lev el

of rounding errors.

T o see the metho d at w ork for a PDE, consider the w a v e equation

u

tt

= u

xx

; � 1 < x < 1 ; t > 0 ; u ( � 1) = 0 : (8.8)

T o solv e this equation n umerically w e use a leap frog form ula in t and Cheb y-

shev sp ectral di�eren tiation in x . T o complete the form ulation of the n umer-

ical metho d w e need to sp ecify t w o initial conditions. F or the PDE, these

w ould t ypically b e conditions on u and u

t

. F or the �nite di�erence sc heme,

w e need conditions on u at t = 0 and at t = � � t , the previous time step.

Our c hoice at t = � � t is initial data corresp onding to a left-mo ving Gaussian

pulse. Program 19 implemen ts this and should b e compared with Program 6

(p. 26). This program, ho w ev er, runs rather slo wly , b ecause of the short time

step � t � 0 : 0013 needed for n umerical stabilit y . Time step restrictions are

discussed in Chapter 10.

As a second example w e consider the w a v e equation in t w o space dimen-

sions:

u

tt

= u

xx

+ u

y y

; � 1 < x; y < 1 ; t > 0 ; u = 0 on the b oundary ; (8.9)

with initial data

u ( x; y ; 0) = e

� 40(( x � 0 : 4)

2

+ y

2

)

; u

t

( x; y ; 0) = 0 :
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Program 18

% p18.m - Chebyshev differentiation via FFT (compare p11.m)

xx = -1:.01:1; ff = exp(xx).*sin(5*xx); clf

for N = [10 20]

x = cos(pi*(0:N)'/N); f = exp(x).*sin(5*x);

subplot('position',[.15 .66-.4*(N==20) .31 .28])

plot(x,f,'.','markersize' ,14) , grid on

line(xx,ff,'linewidth',.8 )

title(['f(x), N=' int2str(N)])

error = chebfft(f) - exp(x).*(sin(5*x)+5*cos( 5*x) );

subplot('position',[.55 .66-.4*(N==20) .31 .28])

plot(x,error,'.','markers ize' ,14 ), grid on

line(x,error,'linewidth', .8)

title(['error in f''(x), N=' int2str(N)])

end

Output 18

� 1 � 0.5 0 0.5 1
� 4

� 2

0

2
f(x), N=10

� 1 � 0.5 0 0.5 1
� 0.04

� 0.02

0

0.02
error in f’(x), N=10

� 1 � 0.5 0 0.5 1
� 4

� 2

0

2
f(x), N=20

� 1 � 0.5 0 0.5 1
� 5

0

5

10
x 10

� 10 error in f’(x), N=20

Output 18: Chebyshev di�er entiation of e

x

sin(5 x ) via FFT. Comp ar e Out-

put 11 (p. 56 ), b ase d on matric es.
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Program 19

% p19.m - 2nd-order wave eq. on Chebyshev grid (compare p6.m)

% Time-stepping by leap frog formula:

N = 80; x = cos(pi*(0:N)/N); dt = 8/N^2;

v = exp(-200*x.^2); vold = exp(-200*(x-dt).^2);

tmax = 4; tplot = .075;

plotgap = round(tplot/dt); dt = tplot/plotgap;

nplots = round(tmax/tplot);

plotdata = [v; zeros(nplots,N+1)]; tdata = 0;

clf, drawnow, h = waitbar(0,'please wait...');

for i = 1:nplots, waitbar(i/nplots)

for n = 1:plotgap

w = chebfft(chebfft(v))'; w(1) = 0; w(N+1) = 0;

vnew = 2*v - vold + dt^2*w; vold = v; v = vnew;

end

plotdata(i+1,:) = v; tdata = [tdata; dt*i*plotgap];

end

% Plot results:

clf, drawnow, waterfall(x,tdata,plotdata )

axis([-1 1 0 tmax -2 2]), view(10,70), grid off

colormap([0 0 0]), ylabel t, zlabel u, close(h)

� 1
� 0.5

0
0.5

1
0

0.5

1

1.5

2

2.5

3

3.5

4

� 2

0

2

t

u

Output 19

Output 19: Solution of se c ond-or der wave e quation (8.8) .
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Program 20

% p20.m - 2nd-order wave eq. in 2D via FFT (compare p19.m)

% Grid and initial data:

N = 24; x = cos(pi*(0:N)/N); y = x';

dt = 6/N^2;

[xx,yy] = meshgrid(x,y);

plotgap = round((1/3)/dt); dt = (1/3)/plotgap;

vv = exp(-40*((xx-.4).^2 + yy.^2));

vvold = vv;

% Time-stepping by leap frog formula:

[ay,ax] = meshgrid([.56 .06],[.1 .55]); clf

for n = 0:3*plotgap

t = n*dt;

if rem(n+.5,plotgap)<1 % plots at multiples of t=1/3

i = n/plotgap+1;

subplot('position',[ax(i) ay(i) .36 .36])

[xxx,yyy] = meshgrid(-1:1/16:1,-1:1/ 16:1 );

vvv = interp2(xx,yy,vv,xxx,yy y,' cubi c');

mesh(xxx,yyy,vvv), axis([-1 1 -1 1 -0.15 1])

colormap([0 0 0]), title(['t = ' num2str(t)]), drawnow

end

uxx = zeros(N+1,N+1); uyy = zeros(N+1,N+1);

ii = 2:N;

for i = 2:N % 2nd derivs wrt x in each row

v = vv(i,:); V = [v fliplr(v(ii))];

U = real(fft(V));

W1 = real(ifft(1i*[0:N-1 0 1-N:-1].*U)); % diff wrt theta

W2 = real(ifft(-[0:N 1-N:-1].^2.*U)); % diff^2 wrt theta

uxx(i,ii) = W2(ii)./(1-x(ii).^2) - x(ii).* ...

W1(ii)./(1-x(ii).^2).^(3/ 2);

end

for j = 2:N % 2nd derivs wrt y in each column

v = vv(:,j); V = [v; flipud(v(ii))];

U = real(fft(V));

W1 = real(ifft(1i*[0:N-1 0 1-N:-1]'.*U));% diff wrt theta

W2 = real(ifft(-[0:N 1-N:-1]'.^2.*U)); % diff^2 wrt theta

uyy(ii,j) = W2(ii)./(1-y(ii).^2) - y(ii).* ...

W1(ii)./(1-y(ii).^2).^(3/ 2);

end

vvnew = 2*vv - vvold + dt^2*(uxx+uyy);

vvold = vv; vv = vvnew;

end
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Output 20

� 1
0

1

� 1

0

1

0

0.5

1

t = 0

� 1
0

1

� 1

0

1

0

0.5

1

t = 0.33333

� 1
0

1

� 1

0

1

0

0.5

1

t = 0.66667

� 1
0

1

� 1

0

1

0

0.5

1

t = 1

Output 20: Solution of the se c ond-or der wave e quation (8.9) on a squar e.

Program 20 discretizes this problem with a leap frog form ula again for the time

discretization and a Cheb yshev sp ectral metho d on a tensor pro duct grid in

x and y .

As in Programs 13{17, the solutions of Output 20 ha v e b een in terp olated

to a �ner grid than the computational one for a b etter displa y . (Global p olyno-

mial in terp olation w ould giv e sp ectral accuracy , but here, for simplicit y , w e use

Ma tlab 's lo cal interp2 command.) They ma y accordingly giv e a mislead-

ing impression that the computational grid is regular. In fact, it is a sp ectral

grid, clustered at the b oundaries, and to emphasize this p oin t, Output 20b

sho ws the ra w data at t = 1 = 3 on the sp ectral grid. This plot w as obtained

b y replacing mesh(xxx,yyy,vvv) in Program 20 b y mesh(xx,yy,vv) . W e

emphasize that despite the apparen t crudit y of this plot, the results at eac h
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� 1

0

1

� 1

0

1

0

0.2

 
Output 20b

Output 20b: Same as the se c ond plot of Output 20 , but without the interp ola-

tion to a �ner grid.

grid p oin t are sp ectrally accurate, aside from errors of magnitude O ((� t )

2

)

in tro duced b y time-stepping.

Summa ry of this chapter. Cheb yshev di�eren tiation can b e carried out b y the

FFT. The underlying idea is that of transplan tation from Cheb yshev p oin ts

on [ � 1 ; 1] to equally spaced p oin ts on the unit circle. Ideally , for real data, a

real Discrete Cosine T ransform (DCT) should b e used, but the general FFT

is also applicable with a certain loss of e�ciency .

Exercises

8.1. F or n � 1, the leading co e�cien t of T

n

( x ) is c

n

= 2

n � 1

, and this implies

lim

n !1

( c

n

)

1 = N

= 2. Deriv e this limit from the general results of Chapter 5.

8.2. W rite a program to p erform a study of the relativ e e�ciencies of cheb and

chebfft as a function of N . Do not coun t the time tak en b y cheb to form D

N

,

just the time tak en to m ultiply D

N

b y a v ector.

8.3. Mo dify Program 12 (p. 57) to mak e use of chebfft instead of cheb . The

results should b e the same as in Output 12, except for rounding errors. Are the

e�ects of rounding errors smaller or larger than b efore?

8.4. Mo dify Program 20 to mak e use of matrices instead of the FFT. Mak e sure

to do this elegan tly , using matrix-matrix m ultiplications rather than explicit lo ops.

Y ou will �nd that the co de gets m uc h shorter, and faster, to o. Ho w m uc h faster is

it? Do es increasing N from 24 to 48 tip the balance?
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8.5. W rite a co de chebfft2 for second-order di�eren tiation b y the FFT, and sho w

b y examples that it matc hes the results obtained b y matrices, apart from rounding

errors.

8.6. Explain ho w the en tries of the Cheb yshev di�eren tiation matrix D

N

could

b e computed b y suitable calls to chebfft rather than b y explicit form ulas as in

Theorem 7 (p. 53). What is the asymptotic op eration coun t for this metho d as

N ! 1 ?

8.7. W rite a co de chebdct that computes the same result as chebfft , but mak es

use of the function DCT from Ma tlab 's Signal Pro cessing T o olb o x. (The co de will

b e restricted to real data.) What gain of e�ciency do y ou observ e?

8.8. Supp ose p ( x ) =

P

N

n =0

a

n

T

n

( x ) =

P

N

n =0

c

n

x

n

, and consider the v ectors a =

( a

0

; : : : ; a

N

)

T

and c = ( c

0

; : : : ; c

N

)

T

. Let A b e the ( N + 1) � ( N + 1) matrix suc h

that c = Aa . W rite do wn A in the case N = 3. No w write a short and elegan t Ma t-

lab function cheb2mon suc h that the command A = cheb2mon(N) constructs this

matrix A . Use cheb2mon to determine what p olynomial

P

5

n =0

c

n

x

n

corresp onds to

T

0

( x ) � 2 T

1

( x ) + 3 T

2

( x ) + 2 T

3

( x ) + T

4

( x ) � T

5

( x ) and what p olynomial

P

5

n =0

a

n

T

n

( x )

corresp onds to 1 � 2 x + 3 x

2

+ 2 x

3

+ x

4

� x

5

.



9. Eigenvalues and Pseudospectra

Sp ectral metho ds are p o w erful to ols for the computation of eigen v alues

of di�eren tial and in tegral op erators and their generalizations for strongly

nonsymmetric problems, pseudosp ectra. Indeed, it w as Orszag's 1971 compu-

tation of the critical Reynolds n um b er R = 5772 : 22 for eigen v alue instabilit y

of plane P oiseuille 
uid 
o w, a problem w e shall discuss in Chapter 14, that

did as m uc h as an ything to establish sp ectral metho ds as an imp ortan t to ol

in scien ti�c computing [Ors71]. P erhaps the reason wh y sp ectral metho ds are

so imp ortan t for eigen v alue computations is that these are applications where

high accuracy tends to b e crucial.

So far in this b o ok w e ha v e seen t w o examples of eigen v alue calculations.

Program 8 (p. 38) solv ed the harmonic oscillator problem

� u

xx

+ x

2

u = �u; x 2 R

b y a F ourier sp ectral metho d, taking adv an tage of the exp onen tial deca y of

the eigenfunctions to replace the real line R b y the p erio dic in terv al [ � L; L ].

Program 15 (p. 66) solv ed the ev en simpler problem

u

xx

= �u; � 1 < x < 1 ; u ( � 1) = 0

b y a Cheb yshev sp ectral metho d that imp osed the homogeneous Diric hlet

conditions explicitly . In this c hapter, w e will dev elop suc h metho ds further

with the aid of four additional examples. In eac h case w e apply sp ectral ideas

via matrices rather than the FFT, since it is so con v enien t to tak e adv an tage

of the standard p o w erful algorithms for matrix eigen v alue and generalized

eigen v alue problems em b o died in the Ma tlab commands eig and eigs . Our
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four examples and the sp ecial features they illustrate can b e summarized as

follo ws:

Program 21 Mathieu equation p erio dic domain

Program 22 Airy equation generalized eigen v alue problem

Program 23 mem brane oscillations 2D domain

Program 24 complex harmonic oscillator pseudosp ectra

W e b egin with the Mathieu equation, an ODE that arises in problems of

forced oscillations. (This example has b een tak en from W eideman and Reddy

[W eRe00].) The equation can b e written

� u

xx

+ 2 q cos(2 x ) u = �u; (9.1)

where q is a real parameter, and w e lo ok for p erio dic solutions on [ � � ; � ]. F or

q = 0, w e ha v e the linear p endulum equation of Program 15, with eigen v alues

�

2

n

2

= 4 for n = 1 ; 2 ; 3 ; : : : : The scien ti�c in terest arises in the b eha vior of

these eigen v alues as q is increased.

T o compute eigen v alues of the Mathieu equation b y a sp ectral metho d,

Program 21 discretizes (9.1) in a routine fashion. T ranslating the equation

from the domain [ � � ; � ] to [0 ; 2 � ] lea v es the eigen v alues unaltered, so our

discretization tak es the form

L

N

= � D

(2)

N

+ 2 q diag (cos(2 x

1

) ; : : : ; cos (2 x

N

)) ;

where D

(2)

N

is the second-order F ourier di�eren tiation matrix. The computa-

tion is straigh tforw ard, and with N = 42, w e get ab out 13 digits of accuracy .

Output 21 presen ts the plot generated b y this program, sho wing the curv es

traced b y the �rst 11 eigen v alues as q increases from 0 to 15. Pro ducing this

image to ok ab out half a second on m y w orkstation. As sho wn in the �gure, it

is almost iden tical to Figure 20.1 on p. 724 of the classic Handb o ok of Mathe-

matic al F unctions published b y Abramo witz and Stegun in the 1960s [AbSt65].

(A few imp erfections in the Handb o ok plot can b e discerned, for example in

the slop e of the a

2

curv e at q = 0.) W e do not kno w ho w man y seconds it

to ok Gertrude Blanc h, the author of the c hapter on Mathieu functions in the

Handb o ok , to pro duce that �gure.

F or our second example w e turn to another classical problem of applied

mathematics, the Airy equation [AbSt65,BeOr78]. T raditionally , the Airy

equation is p osed on the real line,

u

xx

= xu; x 2 R : (9.2)

This is the canonical example of an ODE that c hanges t yp e in di�eren t parts

of the domain. F or x < 0, the b eha vior is oscillatory , while for x > 0, w e get

gro wing and deca ying exp onen tial solutions. Being an ODE of second order,

the Airy equation has a t w o-dimensional linear space of solutions, and the
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Program 21

% p21.m - eigenvalues of Mathieu operator -u_xx + 2qcos(2x)u

% (compare p8.m and p. 724 of Abramowitz & Stegun)

N = 42; h = 2*pi/N; x = h*(1:N);

D2 = toeplitz([-pi^2/(3*h^2)- 1/6 ...

-.5*(-1).^(1:N-1)./sin(h* (1:N -1) /2). ^2]) ;

qq = 0:.2:15; data = [];

for q = qq;

e = sort(eig(-D2 + 2*q*diag(cos(2*x))))';

data = [data; e(1:11)];

end

clf, subplot(1,2,1)

set(gca,'colororder',[0 0 1],'linestyleorder','-|-- '), hold on

plot(qq,data,'linewidth', .8), xlabel q, ylabel \lambda

axis([0 15 -24 32]), set(gca,'ytick',-24:4:3 2)

0 5 10 15
� 24
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� 8

� 4

0
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24

28

32

q

�

Output 21: The �rst 11 eigenvalues of the Mathieu e quation (9.1) . L eft, Fig-

ur e 20 : 1 fr om A br amowitz and Ste gun (1965) . R ight, output fr om Pr o gr am 21 .

Output 21
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standard basis for this space is the pair of Airy functions Ai ( x ), whic h deca ys

exp onen tially as x ! 1 , and Bi ( x ), whic h gro ws exp onen tially .

T o solv e the Airy equation n umerically on the real line b y sp ectral meth-

o ds is not en tirely straigh tforw ard, b ecause there are an in�nite n um b er of

oscillations that deca y only algebraically in amplitude; there is an essen tial

singularit y at �1 . Instead, in Program 22 w e consider a sligh tly di�eren t

eigen v alue problem p osed on a �nite in terv al,

u

xx

= �xu; u ( � 1) = 0 ; � 1 < x < 1 : (9.3)

This di�ers from our previous eigen v alue problems in a basic w a y: rather than

b eing of the form (in linear algebra notation) Au = �u , it is a gener alize d

eigenvalue pr oblem of the form Au = �B u . If B is nonsingular, then a gener-

alized eigen v alue problem can b e reduced mathematically to a standard one,

B

� 1

Au = �u . Ho w ev er, this is not necessarily a go o d idea in practice, and if

B is singular, it is imp ossible ev en in principle. Instead, alternativ e n umerical

metho ds are generally used that deal with the generalized problem directly .

The most standard is kno wn as the QZ algorithm [GoV a96]. In Ma tlab one

calls up on the QZ algorithm b y writing eig(A,B) instead of eig(A) . W e shall

not giv e details.

T o discretize (9.3), w e use a standard Cheb yshev form ulation for the second

deriv ativ e and a diagonal matrix for the p oin t wise m ultiplication:

Au = �B u; A =

~

D

2

N

; B = diag( x

0

; : : : ; x

N

) :

The computation is straigh tforw ard, and it is eviden t from Output 22 that

w e ha v e sp ectral con v ergence, with ten or more digits of accuracy in the �fth

eigen v ector.

Figure 9.1 mak es the connection bac k to Airy functions. In solving (9.3)

w e ha v e imp osed the condition u ( � 1) = 0 and lo ok ed for the �fth p ositiv e

eigen v alue. This is equiv alen t to computing Ai ( x ) on the in terv al [ � L; L ],

where � L = � 7 : 944133 : : : is the lo cation of the �fth zero of Ai ( x ). A rescaling

bac k to [ � 1 ; 1] then in tro duces a p o w er L

3

= 501 : 348 : : : ; and that is wh y our

eigen v alue came out as L

3

. Actually , what w e ha v e just said is not exactly

true, for it assumed Ai (+ L ) = 0, whereas in fact, Ai( L ) ' 5 : 5 � 10

� 8

. What

w e ha v e computed is actually a sp ectrally accurate appro ximation of a linear

com bination of Ai ( Lx ) plus a v ery small m ultiple, of order 10

� 14

, of Bi ( Lx ).

The co e�cien t 10

� 14

arises b ecause Bi ( L ) ' 10

6

.

Our third example is a Laplace eigen v alue problem in t w o space dimen-

sions,

� � u + f ( x; y ) u = �u; � 1 < x; y < 1 ; u = 0 on the b oundary . (9.4)

F or f = 0, w e ha v e a familiar problem easily solv able b y separation of v ariables:

the eigenfunctions ha v e the form

sin( k

x

( x + 1)) sin ( k

y

( y + 1)) ;
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Program 22

% p22.m - 5th eigenvector of Airy equation u_xx = lambda*x*u

clf

for N = 12:12:48

[D,x] = cheb(N); D2 = D^2; D2 = D2(2:N,2:N);

[V,Lam] = eig(D2,diag(x(2:N))); % generalized ev problem

Lam = diag(Lam); ii = find(Lam>0);

V = V(:,ii); Lam = Lam(ii);

[foo,ii] = sort(Lam); ii = ii(5); lambda = Lam(ii);

v = [0;V(:,ii);0]; v = v/v(N/2+1)*airy(0);

xx = -1:.01:1; vv = polyval(polyfit(x,v,N),xx );

subplot(2,2,N/12), plot(xx,vv,'linewidth', 1), grid on

title(sprintf('N = %d eig = %15.10f',N,lambda))

end

Output 22

� 1 � 0.5 0 0.5 1
� 4

� 2

0

2

4

6
N = 12     eig = 1060.0971652568

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
N = 24     eig =  501.3517186350

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
N = 36     eig =  501.3483797471

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
N = 48     eig =  501.3483797111

Output 22: Conver genc e to the �fth eigenve ctor of the A iry pr oblem (9.3) .
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� 1

� 0 : 5

� 0 : 5

0

0

0.5

0.5

1

1

Airy function Ai (7 : 94413359 x )

7 : 94413359

3

= 501 : 3484

Fig. 9.1. A r esc ale d solution of the A iry e quation, Ai ( �

1 = 3

x ) . This di�ers fr om

the solution of Output 22 by ab out 10

� 8

.

where k

x

and k

y

are in teger m ultiples of � = 2. This giv es eigen v alues

�

2

4

( i

2

+ j

2

) ; i; j = 1 ; 2 ; 3 ; : : : :

Note that most of the eigen v alues are degenerate: whenev er i 6= j , the eigen-

v alue has m ultiplicit y t w o. F or f 6= 0, on the other hand, (9.4) will ha v e no

analytic solution in general and the eigen v alues will not b e degenerate. P er-

turbations will split the double eigen v alues in to pairs, a phenomenon familiar

to ph ysicists.

T o solv e (9.4) n umerically b y a sp ectral metho d, w e can pro ceed just as in

Program 16 (p. 70). W e again set up the discrete Laplacian (7.5) of dimension

( N � 1)

2

� ( N � 1)

2

as a sum of t w o Kronec k er pro ducts. T o this w e add a

diagonal matrix consisting of the p erturbation f ev aluated at eac h of the

( N � 1)

2

p oin ts of the grid in the lexicographic ordering describ ed on p. 68.

The result is a large matrix whose eigen v alues can b e found b y standard

tec hniques. In Program 23, this is done b y Ma tlab 's command eig . F or

large enough problems, it w ould b e imp ortan t to use instead a Krylo v subspace

iterativ e metho d suc h as the Arnoldi or (if the matrix is symmetric) Lanczos

iterations, whic h are implemen ted within Ma tlab in the alternativ e co de

eigs (Exercise 9.4).

Output 23a sho ws results from Program 23 for the unp erturb ed case, com-

puted b y executing the co de exactly as prin ted except with the line L = L +

diag(...) commen ted out. Con tour plots are giv en of the �rst four eigen-

mo des, with eigen v alues equal to �

2

= 4 times 2, 5, 5 and 8. As predicted, t w o of

the eigenmo des are degenerate. As alw a ys in cases of degenerate eigenmo des,

the c hoice of eigen v ectors here is arbitrary . F or essen tially arbitrary reasons,

the computation pic ks an eigenmo de with a no dal line appro ximately along
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Program 23

% p23.m - eigenvalues of perturbed Laplacian on [-1,1]x[-1,1]

% (compare p16.m)

% Set up tensor product Laplacian and compute 4 eigenmodes:

N = 16; [D,x] = cheb(N); y = x;

[xx,yy] = meshgrid(x(2:N),y(2:N)) ; xx = xx(:); yy = yy(:);

D2 = D^2; D2 = D2(2:N,2:N); I = eye(N-1);

L = -kron(I,D2) - kron(D2,I); % Laplacian

L = L + diag(exp(20*(yy-xx-1))); % + perturbation

[V,D] = eig(L); D = diag(D);

[D,ii] = sort(D); ii = ii(1:4); V = V(:,ii);

% Reshape them to 2D grid, interpolate to finer grid, and plot:

[xx,yy] = meshgrid(x,y);

fine = -1:.02:1; [xxx,yyy] = meshgrid(fine,fine);

uu = zeros(N+1,N+1);

[ay,ax] = meshgrid([.56 .04],[.1 .5]); clf

for i = 1:4

uu(2:N,2:N) = reshape(V(:,i),N-1,N-1);

uu = uu/norm(uu(:),inf);

uuu = interp2(xx,yy,uu,xxx,yyy, 'cu bic' );

subplot('position',[ax( i) ay(i) .38 .38])

contour(fine,fine,uuu,- .9:. 2:.9 )

colormap([0 0 0]), axis square

title(['eig = ' num2str(D(i)/(pi^2/4),'%18 .12 f') '\pi^2/4'])

end

a diagonal; it then computes a second eigenmo de linearly indep enden t of the

�rst (though not orthogonal to it), with a no dal line appro ximately on the

opp osite diagonal. An equally v alid pair of eigenmo des in this degenerate case

w ould ha v e had no dal lines along the x and y axes.

A remark able feature of Output 23a is that although the grid is only of

size 16 � 16, the eigen v alues are computed to 12-digit accuracy . This re
ects

the fact that one or t w o oscillations of a sine w a v e can b e appro ximated to

b etter than 12-digit precision b y a p olynomial of degree 16 (Exercise 9.1).

Output 23b presen ts the same plot with the p erturbation in (9.4) included,

with

f ( x; y ) = exp (20( y � x � 1)) :

This p erturbation has a v ery sp ecial form. It is nearly zero outside the upp er-

left triangular region, one-eigh th of the total domain, de�ned b y y � x � 1.
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Output 23a

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 2.000000000000� 2/4

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 5.000000000003� 2/4

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 5.000000000004� 2/4

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 8.000000000007� 2/4

Output 23a: First four eigenmo des of the L aplac e pr oblem (9.4) with f ( x; y ) =

0 . These plots wer e pr o duc e d by running Pr o gr am 23 with the \+ p erturb ation "

line c ommente d out.

Within that region, ho w ev er, it is v ery large, ac hieving v alues as great as

4 : 8 � 10

8

. Th us this p erturbation is not small at all in amplitude, though it is

limited in exten t. It is analogous to the \barrier functions" utilized in the �eld

of optimization of functions with constrain ts. The e�ect on the eigenmo des

is clear. In Output 23b w e see that all four eigenmo des a v oid the upp er-left

corner; the v alues there are v ery close to zero. It is appro ximately as if w e had

solv ed the eigen v alue problem on the unit square with a corner snipp ed o�.

All four eigen v alues ha v e increased, as they m ust, and the second and third

eigen v alues are no longer degenerate. What w e �nd instead is that mo de 3,
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Output 23b

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 2.116423652153� 2/4

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 5.023585398303� 2/4

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 5.548908101834� 2/4

� 1 � 0.5 0 0.5 1
� 1

� 0.5

0

0.5

1
eig = 8.642804449790� 2/4

Output 23b: First four eigenmo des of the p erturb e d L aplac e pr oblem (9.4) with

f ( x; y ) = exp (20( y � x � 1)) . These plots wer e pr o duc e d by running Pr o gr am 23

as written.

whic h had lo w amplitude in the barrier region, has c hanged a little, whereas

mo de 2, whic h had higher amplitude there, has c hanged quite a lot. These

computed eigen v alues, b y the w a y , are not sp ectrally accurate; the function

f v aries to o fast to b e w ell resolv ed on this grid. Exp erimen ts with v arious

v alues of N suggest they are accurate to ab out three or four digits.

All of our examples of eigen v alue problems so far ha v e in v olv ed self-adjoin t

op erators, whose eigen v alues are real and whose eigen v ectors can b e tak en to

b e orthogonal. Our sp ectral discretizations are not in fact symmetric matrices

(they w ould b e, if w e used certain Galerkin rather than collo cation metho ds),
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but they are reasonably close in the sense of ha ving eigen v ectors reasonably

close to orthogonal so long as the corresp onding eigen v alues are distinct. In

general, a matrix with a complete set of orthogonal eigen v ectors is said to b e

normal . Normal and nearly normal matrices are the ones whose eigen v alue

problems are unproblematic, relativ ely easy b oth to solv e and to in terpret

ph ysically .

In a certain minorit y of applications, ho w ev er, one encoun ters matrices or

op erators that are v ery far from normal in the sense that the eigen v ectors, if a

complete set exists, are v ery far from orthogonal|they form an ill-conditioned

basis of the v ector space under study . In highly non-normal cases, it ma y b e

informativ e to compute pseudosp ectra* rather than sp ectra [T re97,TTRD93].

Supp ose that a square matrix A is giv en and k � k is a ph ysically relev an t norm.

F or eac h � > 0, the � - pseudosp e ctrum of A is the subset of the complex plane

�

�

( A ) = f z 2 C : k ( z I � A )

� 1

k � �

� 1

g : (9.5)

(W e use the con v en tion k ( z I � A )

� 1

k = 1 if z is an eigen v alue of A .) Alter-

nativ ely , �

�

( A ) can b e c haracterized b y eigen v alues of p erturb ed matrices:

�

�

( A ) = f z 2 C : z is an eigen v alue of A + E for some E with k E k � � g :

(9.6)

If k � k is the 2-norm, as is con v enien t and ph ysically appropriate in most

applications (sometimes after a diagonal similarit y transformation to get the

scaling righ t), then a further equiv alence is

�

�

( A ) = f z 2 C : �

min

( z I � A ) � � g ; (9.7)

where �

min

denotes the minim um singular v alue.

Pseudosp ectra can b e computed b y sp ectral metho ds v ery e�ectiv ely , and

our �nal example of this c hapter illustrates this. The example returns to the

harmonic oscillator (4.6), except that a complex co e�cien t c is no w put in

fron t of the quadratic term. W e de�ne our linear op erator L b y

Lu = � u

xx

+ c x

2

u; x 2 R : (9.8)

The eigen v alues and eigen v ectors for this problem are readily determined ana-

lytically: they are

p

c (2 k + 1) and exp ( � c

1 = 2

x

2

= 2) H

k

( c

1 = 4

x ) for k = 0 ; 1 ; 2 ; : : : ;

where H

k

is the k th Hermite p olynomial [Exn83]. Ho w ev er, as E. B. Da vies

�rst noted [Da v99], the eigenmo des are exp onen tially far from orthogonal.

Output 24 sho ws pseudosp ectra for (9.8) with c = 1 + 3 i computed in a

* Pseudosp ectra (plural of pseudosp ectrum) are sets in the complex plane; pseudosp ectral

metho ds are sp ectral metho ds based on collo cation, i.e., p oin t wise ev aluations rather than

in tegrals. There is no connection|except that pseudosp ectral metho ds are v ery go o d at

computing pseudosp ectra!
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straigh tforw ard fashion based on (9.7). W e discretize L sp ectrally , ev aluate

�

min

( z I � L ) on a grid of p oin ts z

ij

, then send the results to a con tour plotter.

F or the one and only time in this b o ok, the plot prin ted as Output 24 is

not exactly what w ould b e pro duced b y the corresp onding program as listed.

Program 24 ev aluates �

min

( z I � L ) on a relativ ely coarse 26 � 21 grid; after

546 complex singular v alue decomp ositions, a relativ ely crude appro ximation

to Output 24 is pro duced. F or the published �gure, w e made the grid four

times �ner in eac h direction b y replacing 0:2:50 b y 0:.5:50 and 0:2:40

b y 0:.5:40 . This slo w ed do wn the computation b y a factor of 16. (As it

happ ens, alternativ e algorithms can b e used to sp eed up this calculation of

pseudosp ectra and get appro ximately that factor of 16 bac k again; see [T re99].)

One can infer from Output 24 that although the eigen v alues of the complex

harmonic oscillator are regularly spaced n um b ers along a ra y in the complex

plane, all but the �rst few of them w ould b e of doubtful ph ysical signi�cance

in a ph ysical problem describ ed b y this op erator. Indeed, the resolv en t norm

app ears to gro w exp onen tially as j z j ! 1 along an y ra y with argumen t b e-

t w een 0 and arg c , so that ev ery v alue of z su�cien tly far out in this in�nite

sector is an � -pseudo eigen v alue for an exp onen tially small v alue of � .

W e shall see three further examples of eigen v alue calculations later in the

b o ok. W e summarize the eigen v alue examples ahead b y con tin uing the table

displa y ed at the b eginning of this c hapter:

Program 28 circular mem brane p olar co ordinates

Program 39 square plate clamp ed b oundary conditions

Program 40 Orr{Sommerfeld op erator complex arithmetic

Summa ry of this chapter. Sp ectral discretization can turn eigen v alue and pseu-

dosp ectra problems for ODEs and PDEs in to the corresp onding problems for

matrices. If the matrix dimension is large, it ma y b e b est to solv e these b y

Krylo v subspace metho ds suc h as the Lanczos or Arnoldi iterations.

Exercises

9.1. Mo dify Program 23 so that it pro duces a plot on a log scale of the error

in the computed lo w est eigen v alue represen ted in the �rst panel of Output 23a as

a function of N . No w let � > 0 b e �xed and let E

N

= inf

p

k p ( x ) � sin ( � x ) k

1

,

where k f k

1

= sup

x 2 [ � 1 ; 1]

j f ( x ) j , denote the error in degree N minimax p olynomial

appro ximation to sin ( � x ) on [ � 1 ; 1]. It is kno wn (see equation (6.77) of [Mei67])

that for ev en N , as N ! 1 , E

N

� 2

� N

�

N +1

= ( N + 1)! . Explain whic h v alue

of � should b e tak en for this result to b e used to pro vide an order of magnitude

estimate of the results in the plot. Ho w close is the estimate to the data? (Compare

Exercise 5.3.)

9.2. A 
 ( B 
 C ) = ( A 
 B ) 
 C : true or false?
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Program 24

% p24.m - pseudospectra of Davies' complex harmonic oscillator

% (For finer, slower plot, change 0:2 to 0:.5.)

% Eigenvalues:

N = 70; [D,x] = cheb(N); x = x(2:N);

L = 6; x = L*x; D = D/L; % rescale to [-L,L]

A = -D^2; A = A(2:N,2:N) + (1+3i)*diag(x.^2);

clf, plot(eig(A),'.','markers ize' ,14 )

axis([0 50 0 40]), drawnow, hold on

% Pseudospectra:

x = 0:2:50; y = 0:2:40; [xx,yy] = meshgrid(x,y); zz = xx+1i*yy;

I = eye(N-1); sigmin = zeros(length(y),length(x ));

h = waitbar(0,'please wait...');

for j = 1:length(x), waitbar(j/length(x))

for i = 1:length(y), sigmin(i,j) = min(svd(zz(i,j)*I-A)); end

end, close(h)

contour(x,y,sigmin,10.^(- 4:.5 :-.5 )), colormap([0 0 0])

0 5 10 15 20 25 30 35 40 45 50
0

5

10

15

20

25

30

35

40

Output 24

Ouput 24: Eigenvalues and � -pseudosp e ctr a in C of the c omplex harmonic

oscil lator (9.8) , c = 1 + 3 i , � = 10

� 0 : 5

; 10

� 1

; 10

� 1 : 5

; : : : ; 10

� 4

.
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9.3. Mo dify Program 23 so that it �nds the lo w est eigen v alue of the Laplacian on

the cub e [ � 1 ; 1]

3

rather than the square [ � 1 ; 1]

2

. F or N = 6 and 8, ho w big is the

matrix y ou are w orking with, ho w accurate are the results, and ho w long do es the

computation tak e? Estimate what the answ ers w ould b e for N = 12.

9.4. In con tin uation of Exercise 9.3, y ou can solv e the problem with N = 12 if y ou

use Ma tlab's iterativ e eigen v alue solv er eigs rather than its \direct" solv er eig .

Mo dify y our co de further to use eigs , and b e sure that eigs is giv en a sparse matrix

to w ork with (putting speye instead of eye in y our co de will ensure this). With

N = 12, ho w long do es the computation tak e, and ho w accurate are the results?

9.5. Consider a circular mem brane of radius 1 that vibrates according to the

second-order w a v e equation y

tt

= r

� 1

( r y

r

)

r

+ r

� 2

y

� �

, y (1 ; t ) = 0, written in p o-

lar co ordinates. Separating v ariables leads to consideration of solutions y ( r ; � ; t ) =

u ( r ) e

im�

e

i! t

, with u ( r ) satisfying r

� 1

( r u

r

)

r

+ ( !

2

� r

� 2

m

2

) u = 0, u

r

(0) = 0,

u (1) = 0. This is a second-order, linear ODE b oundary v alue problem with homo-

geneous b oundary conditions, so one solution is u ( r ) = 0. Nonzero solutions will

only o ccur for eigen v alues ! of the equation

r

� 1

( r u

r

)

r

� r

� 2

m

2

u = � !

2

u; u

r

(0) = u (1) = 0 : (9.9)

This is a form of Bessel's e quation , and the solutions are Bessel functions J

m

( ! r ),

where ! has the prop ert y J

m

( ! ) = 0. W rite a Ma tlab program based on a sp ectral

metho d that, for giv en m , constructs a matrix whose smaller eigen v alues appro x-

imate the smaller eigen v alues of (9.9). List the appro ximations to the �rst six

eigen v alues ! pro duced b y y our program for m = 0 ; 1 and N = 5 ; 10 ; 15 ; 20.

9.6. In con tin uation of Exercise 9.5, the �rst t w o eigen v alues for m = 1 di�er nearly ,

but not quite, b y a factor of 2. Supp ose, with m usical harmon y in mind, w e wish to

design a mem brane with radius-dep enden t ph ysical prop erties suc h that these t w o

eigen v alues ha v e ratio exactly 2. Consider the mo di�ed BVP eigen v alue problem

r

� 1

( p ( r ) r u

r

)

r

� r

� 2

m

2

u = � !

2

u; u

r

(0) = u (1) = 0

where p ( r ) = 1 + � sin

2

( � r ) for some real n um b er � . Pro duce a plot that sho ws the

�rst eigen v alue and

1

2

times the second eigen v alue as functions of � . F or what v alue

of � do the t w o curv es in tersect? By solving an appropriate nonlinear equation,

determine this critical v alue of � to at least six digits. Can y ou explain wh y a

correction of the form � p ( r ) mo di�es the ratio of the eigen v alues in the direction

required?

9.7. Exercise 6.8 (p. 59) considered p o w ers of the Cheb yshev di�eren tiation matrix

D

N

. F or N = 20, pro duce a plot of the eigen v alues and � -pseudosp ectra of D

N

for

� = 10

� 2

; 10

� 3

; : : : ; 10

� 16

. Commen t on ho w this plot relates to the results of that

exercise.
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10. Time-Stepping and Stability Regions

When time-dep enden t PDEs are solv ed n umerically b y sp ectral metho ds,

the pattern is usually the same: sp ectral di�eren tiation in space, �nite dif-

ferences in time. F or example, one migh t carry out the time stepping b y an

Euler, leap frog, Adams, or Runge{Kutta form ula [But87,HaW a96,Lam91]. In

principle, one sacri�ces sp ectral accuracy in doing so, but in practice, small

time steps with form ulas of order t w o or higher often lea v e the global accuracy

quite satisfactory . Small time steps are m uc h more a�ordable than small space

steps, for they a�ect the computation time, but not the storage, and then only

linearly . By con trast, halving the space step t ypically m ultiplies the storage

b y 2

d

in d space dimensions, and it ma y m ultiply the computation time for

eac h time step b y an ywhere from 2

d

to 2

3 d

, dep ending on the linear algebra

in v olv ed.

So far in this b o ok w e ha v e solv ed three time-dep enden t PDEs, in eac h

case b y a leap frog discretization in t . The equations and the time steps w e

used w ere as follo ws:

p6: u

t

+ c ( x ) u

x

= 0 on [ � � ; � ] F ourier � t = 1 : 57 N

� 1

p19: u

tt

= u

xx

on [ � 1 ; 1] Cheb yshev � t = 8 N

� 2

p20: u

tt

= u

xx

+ u

y y

on [ � 1 ; 1]

2

2D Cheb yshev � t = 6 N

� 2

.

No w it is time to explain where these c hoices of � t came from.

Figure 10.1 sho ws the output from Program 6 (p. 26) when the time step is

increased to � t = 1 : 9 N

� 1

, and Figure 10.2 sho ws the output from Program 20

(p. 83) with � t = 6 : 6 N

� 2

. Catastrophes! Both computations are numeric al ly

unstable in the sense that small errors are ampli�ed un b oundedly|in fact,
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0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

8

� 2

0

2

t

x

u

Fig. 10.1. R ep etition of Output 6 with � t = 1 : 9 N

� 1

. The time step is to o

lar ge for stability, and sawto oth oscil lations app e ar ne ar x = 1 + � = 2 and

1 + 3 � = 2 that wil l gr ow exp onential ly and swamp the solution.
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� 1
� 0.5

0
0.5

1

� 1

� 0.5

0

0.5

1
� 1

� 0.5

0

0.5

1

t = 0.42396

Fig. 10.2. R ep etition of Output 20 with � t = 6 : 6 N

� 2

. A gain we have exp o-

nential ly gr owing instability, with the lar gest err ors at the c orners.
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exp onen tially . (With �nite di�erence and �nite elemen t metho ds, it is almost

alw a ys discretization errors that excite instabilit y . With sp ectral metho ds the

discretization errors are sometimes so small that rounding errors are imp ortan t

to o.) In b oth cases, w e ha v e terminated the computation quic kly after the

instabilit y sets in to mak e an attractiv e plot. Larger time steps or longer

in tegrations easily lead to gro wth b y man y orders of magnitude and 
oating

p oin t o v er
o w.

F or Program 19 (p. 82) a similar instabilit y app ears with � t = 9 : 2 N

� 2

.

After a little trial and error, w e �nd that the stabilit y restrictions are appro x-

imately as follo ws:

Program Empirical stabilit y restriction

p6 � t < 1 : 9 N

� 1

p19 � t < 9 : 2 N

� 2

p20 � t < 6 : 6 N

� 2

:

The aim of this c hapter is to sho w where suc h stabilit y restrictions come from

and to illustrate further that so long as they are satis�ed|or circum v en ted

b y suitable implicit discretizations|sp ectral metho ds ma y b e v ery p o w erful

to ols for time-dep enden t problems.

Man y practical calculations can b e handled b y an analysis based on the

notion of the Metho d of Lines . When a time-dep enden t PDE is discretized

in space, whether b y a sp ectral metho d or otherwise, the result is a coupled

system of ODEs in time. The lines x = constan t are the \lines" alluded to in

the name:

v

N

( t ) v

0

( t )

x

N

x

0

The Metho d of Lines refers to the idea of solving this coupled system of ODEs

b y a �nite di�erence form ula in t (Adams, Runge{Kutta, etc.). The rule of

th um b for stabilit y is as follo ws:

Rule of Th um b.

The Metho d of Lines is stable if the eigenvalues of the ( line arize d)

sp atial discr etization op er ator, sc ale d by � t , lie in the stability

r e gion of the time-discr etization op er ator.
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W e hop e that the reader is familiar with the notion of the stability r e gion

of an ODE form ula. Brie
y , it is the subset of the complex plane consisting

of those � 2 C for whic h the n umerical appro ximation pro duces b ounded

solutions when applied to the scalar linear mo del problem u

t

= �u with

time step � t |m ultiplied b y � t , so as to mak e the scaling indep enden t of

� t [But87,HaW a96,Lam91]. (F or problems of second order in t , the mo del

problem b ecomes u

tt

( t ) = �u ( t ) and one m ultiplies b y (� t )

2

.)

The Rule of Th um b is not alw a ys reliable, and in particular, it ma y fail

for problems in v olving discretization matrices that are far from normal, i.e.,

with eigen v ectors far from orthogonal [T rT r87]. F or suc h problems, the righ t

condition is that the pseudosp ectra m ust lie within the stabilit y region to o:

more precisely , the � -pseudosp ectrum m ust lie within a distance O ( � ) + O (� t )

of the stabilit y region as � ! 0 and � t ! 0 [KrW u93,ReT r92]. When in

doubt ab out whether a discretization matrix is far from normal, it is a go o d

idea to tak e a lo ok at its pseudosp ectra, either b y computing eigen v alues of

a few randomly p erturb ed matrices or with with the aid of a mo di�cation of

Program 24 or the faster co de psa describ ed in [T re99]. F or man y problems,

fortunately , the Rule of Th um b mak es accurate predictions.

Program 25 plots v arious stabilit y regions for standard Adams{Bashforth

(explicit), Adams{Moulton (implicit), bac kw ard di�eren tiation (implicit), and

Runge{Kutta (explicit) form ulas. Though w e list the co de as alw a ys, w e will

not discuss it at all but refer the reader to the textb o oks cited ab o v e for

explanations of ho w curv es lik e these can b e generated.

T o analyse the time-stepping in Programs 6, 19, and 20, w e need the

stabilit y region for the leap frog form ula, whic h is not co v ered b y Program 25.

F or u

t

= �u , the leap frog form ula is

v

( n +1)

� v

( n � 1)

2� t

= �v

( n )

: (10.1)

The c haracteristic equation for this recurrence relation is g � g

� 1

= 2 � � t ,

whic h w e obtain b y inserting in (10.1) the ansatz v

( n )

= g

n

, and the condition

for stabilit y is that b oth ro ots of this equation m ust lie in the closed unit disk,

with only simple ro ots p ermitted on the unit circle. No w it is clear that if g is

one ro ot, then � g

� 1

is the other. If j g j < 1, then j � g

� 1

j > 1, giving instabilit y .

Th us stabilit y requires j g j = 1 and g 6= � g

� 1

, hence g 6= � i . That is, stable

v alues of g range o v er the unit circle except for � i , and the corresp onding

v alues of g � g

� 1

�ll the op en complex in terv al ( � 2 i; 2 i ). W e conclude that

the leap frog form ula applied to u

t

= �u is stable pro vided 2 � � t b elongs to

( � 2 i; 2 i ), that is, the stabilit y region in the � � t -plane is ( � i; i ).
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Program 25

% p25.m - stability regions for ODE formulas

% Adams-Bashforth:

clf, subplot('position',[.1 .56 .38 .38])

plot([-8 8],[0 0]), hold on, plot([0 0],[-8 8])

z = exp(1i*pi*(0:200)/100); r = z-1;

s = 1; plot(r./s) % order 1

s = (3-1./z)/2; plot(r./s) % order 2

s = (23-16./z+5./z.^2)/12; plot(r./s) % order 3

axis([-2.5 .5 -1.5 1.5]), axis square, grid on

title Adams-Bashforth

% Adams-Moulton:

subplot('position',[.5 .56 .38 .38])

plot([-8 8],[0 0]), hold on, plot([0 0],[-8 8])

s = (5*z+8-1./z)/12; plot(r./s) % order 3

s = (9*z+19-5./z+1./z.^2)/24; plot(r./s) % order 4

s = (251*z+646-264./z+106./z. ^2-1 9./ z.^3 )/72 0; plot(r./s) % 5

d = 1-1./z;

s = 1-d/2-d.^2/12-d.^3/24-19* d.^4 /72 0-3* d.^5 /16 0; plot(d./s) % 6

axis([-7 1 -4 4]), axis square, grid on, title Adams-Moulton

% Backward differentiation:

subplot('position',[.1 .04 .38 .38])

plot([-40 40],[0 0]), hold on, plot([0 0],[-40 40])

r = 0; for i = 1:6, r = r+(d.^i)/i; plot(r), end % orders 1-6

axis([-15 35 -25 25]), axis square, grid on

title('backward differentiation')

% Runge-Kutta:

subplot('position',[.5 .04 .38 .38])

plot([-8 8],[0 0]), hold on, plot([0 0],[-8 8])

w = 0; W = w; for i = 2:length(z) % order 1

w = w-(1+w-z(i)); W = [W; w]; end, plot(W)

w = 0; W = w; for i = 2:length(z) % order 2

w = w-(1+w+.5*w^2-z(i)^2)/( 1+w) ; W = [W; w];

end, plot(W)

w = 0; W = w; for i = 2:length(z) % order 3

w = w-(1+w+.5*w^2+w^3/6-z(i )^3) /(1 +w+w ^2/2 ); W = [W; w];

end, plot(W)

w = 0; W = w; for i = 2:length(z) % order 4

w = w-(1+w+.5*w^2+w^3/6+w.^ 4/24 -z( i)^4 )/(1 +w+ w^2/ 2+w. ^3/ 6);

W = [W; w]; end, plot(W)

axis([-5 2 -3.5 3.5]), axis square, grid on, title Runge-Kutta
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Output 25
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� 10 0 10 20 30

� 20

� 10

0

10

20

backward differentiation

� 4 � 2 0 2
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Runge� Kutta

Output 25: Stability r e gions for four families of ODE �nite di�er enc e formu-

las. F or b ackwar d di�er entiation, the stability r e gions ar e the exteriors of the

curves; in the other c ases they ar e the interiors.

i

� i

C

Fig. 10.3. Stability r e gion of the le ap fr o g formula (10.1) for a �rst derivative.
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Let us apply this conclusion to the \frozen co e�cien t" analogue of the

PDE of Program 6, u

t

+ u

x

= 0. By w orking in the F ourier domain w e see

that the eigen v alues of the F ourier sp ectral di�eren tiation matrix D

N

are the

n um b ers ik for k = � N = 2 + 1 ; : : : ; N = 2 � 1, with zero ha ving m ultiplicit y

t w o. Th us the stabilit y condition for F ourier sp ectral discretization in space

coupled with the leap frog form ula in time for u

t

= u

x

on [ � � ; � ] is

� t

�

1

2

N � 1

�

< 1 ;

that is, appro ximately � t � 2 N

� 1

. If w e w ere to increase � t gradually across

this threshold, the �rst mo des to go unstable w ould b e of the form e

� i ( N = 2 � 1) x

j

,

that is, appro ximately sa wto oths.

No w in Program 6, w e ha v e the equation u

t

+ c ( x ) u

x

= 0, where c is a

v ariable co e�cien t that tak es a maxim um of 6 = 5 at x = 1 + � = 2 and 1 + 3 � = 2.

F or large N , the largest eigen v alues will accordingly b e ab out 6/5 times larger

than in the analysis just carried out for u

t

= u

x

. This giv es the appro ximate

stabilit y condition

� t �

5

3

N

� 1

:

This condition is sligh tly stricter than the observ ed 1 : 9 N

� 1

; the agreemen t

w ould b e b etter for larger N (Exercise 10.1). Note that it is precisely at the

parts of the domain where c is close to its maxim um that the instabilit y �rst

app ears in Output 6, and that it has the predicted form of an appro ximate

sa wto oth.

F or Programs 19 and 20, w e ha v e the leap frog appro ximation of a second

deriv ativ e. This means w e ha v e a new stabilit y region to �gure out. Applying

the leap frog form ula to the mo del problem u

tt

= �u giv es

v

( n +1)

� 2 v

( n )

+ v

( n � 1)

(� t )

2

= �v

( n )

: (10.2)

The c haracteristic equation of this recurrence relation is g + g

� 1

= � (� t )

2

+ 2,

and if g is one ro ot, the other is g

� 1

. By a similar calculation as b efore, w e

deduce that the stabilit y region in the � (� t )

2

-plane is the real negativ e op en

in terv al ( � 4 ; 0).

C

� 4

0

Fig. 10.4. Stability r e gion of the le ap fr o g formula (10.2) for a se c ond deriva-

tive.
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According to the Rule of Th um b, for a giv en sp ectral discretization, w e

m ust pic k � t small enough that this stabilit y region encloses the eigen v alues

of the sp ectral discretization op erator, scaled b y � t . F or Program 19, the

spatial discretization op erator is

e

D

2

N

. The eigen v alues of

e

D

2

N

(w e shall giv e

details in a momen t) are negativ e real n um b ers, the largest of whic h in magni-

tude is appro ximately � 0 : 048 N

4

. F or Program 19, accordingly , our stabilit y

restriction is appro ximately � 0 : 048 N

4

(� t )

2

� � 4, that is,

� t � 9 : 2 N

� 2

;

and when this condition is violated, trouble should arise �rst at the b oundaries,

where the o�ending eigenmo des are concen trated. These predictions matc h

observ ations.

Program 20, in 2D, is easily seen to ha v e largest eigen v alues appro ximately

t wice as large as in Program 19. This means that the stabilit y condition is

t wice as strict on (� t )

2

, hence

p

2 times as strict on � t ,

� t � 6 : 5 N

� 2

:

Again, this estimate matc hes observ ations, and our analysis explains wh y the

oscillations in Output 20 app eared in the corners of the domain.

W e ha v e just asserted that the eigen v alues of

e

D

2

N

are negativ e and real,

with largest appro ximately � 0 : 048 N

4

. There is a great deal to b e said ab out

this matrix, and in fact, w e ha v e already considered it in Program 15 (p. 66).

First of all, it is notew orth y that although

e

D

2

N

appro ximates the Hermi-

tian op erator d

2

=dx

2

with appropriate b oundary conditions on [ � 1 ; 1], it is

non-symmetric. Nonetheless, the eigen v alues ha v e b een pro v ed to b e real

[GoLu83b], and man y of them are sp ectrally accurate appro ximations to the

eigen v alues � k

2

�

2

= 4 of d

2

=dx

2

. As N ! 1 , the fraction of eigen v alues that

b eha v e in this w a y con v erges to 2 =� [W eT r88]. The explanation for this n um-

b er is that in the cen ter of the grid, where the spacing is coarsest, the highest

w a v en um b er of a sine function for whic h there are at least t w o grid p oin ts p er

w a v elength is 2 N =� . No w what ab out the remaining eigen v alues of

e

D

2

N

, with

prop ortion 1 � 2 =� asymptotically as N ! 1 ? These turn out to b e v ery

large, of order N

4

, and ph ysically meaningless. They are called outliers , and

the largest in magnitude is ab out � 0 : 048 N

4

[V an90].

Program 26 calculates the eigen v alues of

e

D

2

N

and plots one of the ph ysi-

cally meaningful eigen v ectors and one of the ph ysically meaningless ones. W e

ha v e already had a taste of this b eha vior with Program 15. These outliers

corresp ond to nonph ysical eigenmo des that are not global sines and cosines,

but strongly lo calized near x = � 1.

W e complete this c hapter b y solving another time-dep enden t PDE, this

time a famous nonlinear one, b y a sp ectral metho d in v olving a Runge{Kutta

discretization in time. The KdV (Kortewe g{de V ries) e quation tak es the form

u

t

+ uu

x

+ u

xxx

= 0 ; (10.3)
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Program 26

% p26.m - eigenvalues of 2nd-order Chebyshev diff. matrix

N = 60; [D,x] = cheb(N); D2 = D^2; D2 = D2(2:N,2:N);

[V,Lam] = eig(D2);

[foo,ii] = sort(-diag(Lam)); e = diag(Lam(ii,ii)); V = V(:,ii);

% Plot eigenvalues:

clf, subplot('position',[.1 .62 .8 .3])

loglog(-e,'.','markersize ',10 ), ylabel eigenvalue

title(['N = ' int2str(N) ...

' max |\lambda| = ' num2str(max(-e)/N^4) 'N^4'])

hold on, semilogy(2*N/pi*[1 1],[1 1e6],'--r')

text(2.1*N/pi,24,'2\pi / N','fontsize',12)

% Plot eigenmodes N/4 (physical) and N (nonphysical):

vN4 = [0; V(:,N/4-1); 0];

xx = -1:.01:1; vv = polyval(polyfit(x,vN4,N) ,xx );

subplot('position',[.1 .36 .8 .15]), plot(xx,vv), hold on

plot(x,vN4,'.','markersiz e',9 ), title('eigenmode N/4')

vN = [0; V(:,N-1); 0];

subplot('position',[.1 .1 .8 .15])

semilogy(x,abs(vN)), axis([-1 1 -1 1]), hold on

plot(x,vN,'.','markersize ',9)

title('modulus of eigenmode N (log scale)')

a blend of a nonlinear h yp erb olic term uu

x

and a linear disp ersiv e term u

xxx

.

Among the solutions admitted b y (10.3) are solitary waves , tra v eling w a v es of

the form

u ( x; t ) = 3 a

2

sec h

2

�

a ( x � x

0

) = 2 � a

3

t

�

(10.4)

for an y real a and x

0

. (Here sec h denotes the in v erse of the h yp erb olic cosine,

sec h ( x ) = 2 = ( e

x

+ e

� x

).) Note that this w a v e has amplitude 3 a

2

and sp eed

2 a

2

, so the sp eed is prop ortional to the amplitude. This is in con trast to linear

w a v e equations, where the sp eed is indep enden t of the amplitude. Also, note

that the v alue of u deca ys rapidly in space a w a y from x = x

0

+ 2 a

2

t , so the

w a v es are lo calized in space.

What is most remark able ab out (10.3) is that solutions exist that consist

almost exactly of �nite sup erp ositions of w a v es (10.4) of arbitrary sp eeds that

in teract cleanly , passing through one another with the only lasting e�ect of

the in teraction b eing a phase shift of the individual w a v es. These in teracting

solitary w a v es are called solitons , and their b eha vior has b een a celebrated
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Output 26
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Output 26: The top plot shows the sorte d eigenvalues of

e

D

2

N

. A fr action

appr oximately 2 =� of them c orr esp ond to go o d appr oximations of the sinusoidal

eigenmo des of u

xx

= �u; u ( � 1) = 0 . Mo de N = 4 is one such, wher e as mo de N

is spurious and lo c alize d ne ar the b oundaries|note the lo g sc ale.

topic of applied mathematics since the 1970s [DrJo89,Whi74]. One of the

most striking early applications of sp ectral metho ds w as the computation of

in teracting solitons b y F orn b erg and Whitham describ ed in a classic article in

1978 [F oWh78].

Program 27 mo dels the KdV equation b y a F ourier sp ectral metho d on

[ � � ; � ], whic h is appropriate since w e are not in terested in the e�ect of

b oundary conditions and the solutions at issue deca y exp onen tially . This

is the �rst nonlinear time-dep enden t equation w e ha v e considered, but the

nonlinearit y p oses little problem for an explicit time stepping metho d. The

time-discretization sc heme in this program is the fourth-order Runge{Kutta

form ula, whic h is describ ed in n umerous b o oks.

If Program 27 w ere written in the ob vious manner, it w ould compute solu-
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tions successfully but w ould need a v ery small time step for stabilit y . Instead,

the co de is constructed in a mo di�ed form, based on the metho d of inte gr ating

factors , whic h allo ws time steps �v e or ten times larger. The initial condition

is the sup erp osition of t w o solitons. The solitons pass through eac h other as

exp ected with only a c hange in phase. This computation in v olv es 983 time

steps and tak es ab out ten seconds on m y w orkstation.

The metho d of in tegrating factors is based on the idea that the prob-

lem can b e transformed so that the linear part of the PDE is solv ed exactly

[ChKe85,MiT a00]. Since the linear term in (10.3) is the one in v olving high

frequencies, the \sti� " term that constrains the stabilit y , this leads to the

p ossibilit y of larger time steps. One w a y to pro ceed is to write (10.3) as

u

t

+ (

1

2

u

2

)

x

+ u

xxx

= 0 ; (10.5)

with F ourier transform

^u

t

+

i

2

k

b

u

2

� i k

3

^u = 0 :

No w w e m ultiply b y e

� ik

3

t

|this is the in tegrating factor|to get

e

� ik

3

t

^u

t

+

i

2

e

� ik

3

t

k

b

u

2

� i e

� ik

3

t

k

3

^u = 0 :

If w e de�ne

^

U = e

� ik

3

t

^u , with

^

U

t

= � ik

3

^

U + e

� ik

3

t

^u

t

, this b ecomes

^

U

t

+ i k

3

^

U +

i

2

e

� ik

3

t

k

b

u

2

� i k

3

^

U = 0 ;

that is,

^

U

t

+

i

2

e

� ik

3

t

k

b

u

2

= 0 :

The linear term is gone, and the problem is no longer sti�. (It no w has a

rapidly v arying co e�cien t, ho w ev er, so the impro v emen t, while w orth while, is

not as great as one migh t ha v e imagined.) W orking in F ourier space, w e can

discretize the problem in the form

^

U

t

+

i

2

e

� ik

3

t

k F (( F

� 1

( e

ik

3

t

^

U ))

2

) = 0 ;

where F is the F ourier transform op erator as in Exercise 2.1, and this is what

is done b y Program 27.

Summa ry of this chapter. As a rule of th um b, stabilit y of sp ectral metho ds for

time-dep enden t PDEs requires that the eigen v alues of the spatial discretiza-

tion op erator, scaled b y � t , lie in the stabilit y region of the time-stepping

form ula. Because of large eigen v alues, esp ecially in the Cheb yshev case, time
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Program 27

% p27.m - Solve KdV eq. u_t + uu_x + u_xxx = 0 on [-pi,pi] by

% FFT with integrating factor v = exp(-ik^3t)*u-hat.

% Set up grid and two-soliton initial data:

N = 256; dt = .4/N^2; x = (2*pi/N)*(-N/2:N/2-1)';

A = 25; B = 16; clf, drawnow

u = 3*A^2*sech(.5*(A*(x+2))). ^2 + 3*B^2*sech(.5*(B*(x+1))) .^2;

v = fft(u); k = [0:N/2-1 0 -N/2+1:-1]'; ik3 = 1i*k.^3;

% Solve PDE and plot results:

tmax = 0.006; nplt = floor((tmax/25)/dt); nmax = round(tmax/dt);

udata = u; tdata = 0; h = waitbar(0,'please wait...');

for n = 1:nmax

t = n*dt; g = -.5i*dt*k;

E = exp(dt*ik3/2); E2 = E.^2;

a = g.*fft(real( ifft( v ) ).^2);

b = g.*fft(real( ifft(E.*(v+a/2)) ).^2); % 4th-order

c = g.*fft(real( ifft(E.*v + b/2) ).^2); % Runge-Kutta

d = g.*fft(real( ifft(E2.*v+E.*c) ).^2);

v = E2.*v + (E2.*a + 2*E.*(b+c) + d)/6;

if mod(n,nplt) == 0

u = real(ifft(v)); waitbar(n/nmax)

udata = [udata u]; tdata = [tdata t];

end

end

waterfall(x,tdata,udata') , colormap([0 0 0]), view(-20,25)

xlabel x, ylabel t, axis([-pi pi 0 tmax 0 2000]), grid off

set(gca,'ztick',[0 2000]), close(h), pbaspect([1 1 .13])

Output 27
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step limits for explicit metho ds ma y b e v ery sev ere, making it adv an tageous

to use implicit or semi-implicit metho ds.

Exercises

10.1. In our stabilit y analysis of Program 6, w e \froze the co e�cien ts" and assumed

that the largest eigen v alue of the discretization of u

t

+ c ( x ) u

x

= 0 w ould b e ab out

6 = 5 times that of the discretization of u

t

+ u

x

. P erform a n umerical study to

in v estigate ho w true this is. (Y ou ma y wish to w ork with a matrix form ulation of

the algorithm, as in Exercise 3.7.) Pro duce a plot of the ratio of the actual and

estimated eigen v alues for N = 20 ; 40 ; 60 ; : : : ; 200. F or N = 128, ho w do es the true

eigen v alue compare with the frozen-co e�cien t prediction? What stabilit y restriction

do es the true eigen v alue suggest? Do es this matc h the emprically observ ed stabilit y

restriction? Do es the corresp onding eigen v ector lo ok lik e the unstable mo de visible

in Figure 10.1?

10.2. Rerun Program 27 with the time step increased from 0 : 4 N

� 2

to 0 : 45 N

� 2

.

Commen t on the resulting plot. Can y ou explain this e�ect with reference to sta-

bilit y regions?

10.3. Consider the �rst-order linear initial b oundary v alue problem

u

t

= u

x

; x 2 [ � 1 ; 1] ; 0 < t < 1 ; u (1 ; t ) = 0 ;

with initial data u ( x; 0) = exp( � 60( x � 1 = 2)

2

). W rite a program to solv e this

problem b y a matrix-based Cheb yshev sp ectral discretization in x coupled with

the third-order Adams{Bashforth form ula in t , for whic h the form ula is v

( n +3)

=

v

( n +2)

+

1

12

� t (23 f

( n +2)

� 16 f

( n +1)

+ 5 f

( n )

). Initial v alues can b e supplied from

the exact solution. T ak e N = 50 and � t = � N

� 2

, where � is a parameter. F or

eac h of the t w o c hoices � = 7 and � = 8, pro duce one plot of the computed

solution at t = 1 and another that sup erimp oses the stabilit y region in the � � t -

plane, the eigen v alues of the spatial discretization matrix, and its � -pseudosp ectra

for � = 10

� 2

; 10

� 3

; : : : ; 10

� 6

. Commen t on the results.

10.4. Consider the nonlinear initial b oundary v alue problem

u

t

= u

xx

+ e

u

; x 2 [ � 1 ; 1] ; t > 0 ; u ( � 1 ; t ) = u ( x; 0) = 0

for the unkno wn function u ( x; t ). T o at least 8 digits of accuracy , what is u (0 ; 3 : 5),

and what is the time t

5

suc h that u (0 ; t

5

) = 5?

10.5. Cheb yshev grids ha v e an O ( N

� 2

) spacing near the b oundaries. Therefore, it

is sometimes said, it is ob vious that an explicit Cheb yshev sp ectral metho d for a

h yp erb olic PDE suc h as u

t

= u

x

m ust require time steps of size O ( N

� 2

), \b ecause

of the CFL (Couran t{F riedric hs{Lewy) restriction" [RiMo67]. Explain wh y this

argumen t is in v alid.

10.6. The KdV equation (10.3) is closely related to the Bur gers e quation , u

t

+

( u

2

)

x

= � u

xx

, where � > 0 is a constan t [Whi75]. Mo dify Program 27 to solv e this

equation for � = 0 : 25 b y a F ourier sp ectral metho d on [ � � ; � ] with an in tegrating



114 Sp ectral Metho ds in M A TLAB

factor. T ak e u ( x; 0) equal to sin

2

( x ) in [ � � ; 0] and to zero in [0 ; � ], and pro duce

plots at times 0 ;

1

2

; 1 ; : : : ; 3, with a su�cien tly small time step, for N = 64, 128,

and 256. F or N = 256, ho w small a v alue of � can y ou tak e without obtaining

unph ysical oscillations?

10.7. Another related PDE is the Kur amoto{Sivashinsky e quation , u

t

+ ( u

2

)

x

=

� u

xx

� u

xxxx

, whose solutions ev olv e c haotically . This equation is m uc h more

di�cult to solv e n umerically . W rite a program to solv e it with p erio dic b oundary

conditions on the domain [ � 20 ; 20] for initial data u ( x; 0) = exp( � x

2

). Can y ou

get results for 0 � t � 50 that y ou trust?



11. Polar Coordinates

Sp ectral computations are frequen tly carried out in m ulti-dimensional do-

mains in whic h one has di�eren t kinds of b oundary conditions in the di�eren t

dimensions. One of the most common examples is the use of p olar c o or dinates

in the unit disk,

x = r cos � ; y = r sin � :

Including a third v ariable z or � w ould bring us to cylindric al or spheric al

c o or dinates .

The most common w a y to discretize the disk sp ectrally is to tak e a p erio dic

F ourier grid in � and a non-p erio dic Cheb yshev grid in r :

� 2 [0 ; 2 � ] ; r 2 [0 ; 1] :

Sp eci�cally , the grid in the r -direction is transformed from the usual Cheb y-

shev grid for x 2 [ � 1 ; 1] b y r = ( x + 1) = 2. The result is a p olar grid that

is highly clustered near b oth the b oundary and the origin, as illustrated in

Figure 11.1. Grids lik e this are con v enien t and commonly used, but they ha v e

some dra wbac ks. One di�cult y is that while it is sometimes adv an tageous

to ha v e p oin ts clustered near the b oundary , it ma y b e w asteful and is cer-

tainly inelegan t to dev ote extra grid p oin ts to the v ery small region near the

origin, if the solution is smo oth there. Another is that for time-dep enden t

problems, these small cells near the origin ma y force one to use excessiv ely

small time steps for n umerical stabilit y . Accordingly , v arious authors ha v e

found alternativ e w a ys to treat the region near r = 0. W e shall describ e

one metho d of this kind in essen tially the form ulation prop osed b y F orn b erg
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Fig. 11.1. A sp e ctr al grid b ase d on a Chebyshev discr etization of r 2 [0 ; 1] .

Half the grid p oints lie inside the cir cle, which encloses 31% of the total ar e a.

Fig. 11.2. A sp e ctr al grid b ase d on a Chebyshev discr etization of r 2 [ � 1 ; 1] .

Now the cir cle encloses 53% of the ar e a.
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[F or95,F or96,F oMe97]. Closely related metho ds for p olar and/or spherical co-

ordinates ha v e b een used b y others o v er the y ears; for a table summarizing

t w en t y con tributions in this area, see [Bo y00].

The idea is to tak e r 2 [ � 1 ; 1] instead of r 2 [0 ; 1]. T o b egin with, supp ose

� con tin ues to range o v er [0 ; 2 � ]. Then w e ha v e the co ordinate system

� 2 [0 ; 2 � ] ; r 2 [ � 1 ; 1] ; (11.1)

illustrated in Figure 11.2. What is un usual ab out this represen tation is that

eac h p oin t ( x; y ) in the disk corresp onds to t w o distinct p oin ts ( r ; � ) in co-

ordinate space: the map from ( r ; � ) to ( x; y ) is 2-to-1. (A t the sp ecial p oin t

x = y = 0, it is 1 -to-1, but w e can a v oid this complication b y taking the

grid parameter N in the r direction to b e o dd.) T o put it another w a y , if a

function u ( r ; � ) is to corresp ond to a single-v alued function of x and y , then

it m ust satisfy a symmetry condition in ( r ; � )-space:

u ( r ; � ) = u ( � r ; ( � + � )(mo d 2 � )) : (11.2)

Once the condition (11.2) has b een iden ti�ed, it is not hard to implemen t

it in a sp ectral metho d. T o explain ho w this can b e done, let us b egin with

a simpli�ed v arian t of the problem. Supp ose w e w an t to compute a matrix-

v ector pro duct Ax , where A is a 2 N � 2 N matrix and x is a 2 N -v ector. If w e

break A in to four N � N blo c ks and x in to t w o N -v ectors, w e can write the

pro duct in the form

Ax =

A

1

A

2

A

3

A

4

x

1

x

2

: (11.3)

No w supp ose that w e ha v e the additional condition x

1

= x

2

, and similarly , w e

kno w that the �rst N en tries of Ax will alw a ys b e equal to the last N en tries.

Then w e ha v e

( Ax )

1: N

= ( A

1

+ A

2

) x

1

= ( A

3

+ A

4

) x

1

:

Th us our 2 N � 2 N matrix problem is really an N � N matrix problem in v olving

A

1

+ A

2

or A

3

+ A

4

(it do esn't matter whic h).

This is precisely the tric k w e can pla y with sp ectral metho ds in p olar

co ordinates. T o b e concrete, let us consider the problem of computing the

normal mo des of oscillation of a circular mem brane [MoIn86]. That is, w e

seek the eigen v alues of the Laplacian on the unit disk:

� u = � �

2

u; u = 0 for r = 1 : (11.4)
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In p olar co ordinates the equation tak es the form

u

r r

+ r

� 1

u

r

+ r

� 2

u

� �

= � �

2

u: (11.5)

W e can discretize this PDE b y a metho d in v olving Kronec k er pro ducts as w e

ha v e used previously in Programs 16 and 23 (pp. 70 and 93). In ( r ; � )-space w e

ha v e a grid of ( N

r

� 1) N

�

p oin ts �lling the region of the ( r ; � ) plane indicated

in Figure 11.3.

I I I

I I I IV

0

0

1

� 1

� 2 �

r

�

 discard b y

symmetry

Fig. 11.3. The map fr om ( r ; � ) to ( x; y ) is 2 -to- 1 , so r e gions I I I and IV in

c o or dinate sp ac e c an b e ignor e d. Equivalently, one c ould ignor e r e gions I I

and IV .

T o a v oid complications at r = 0, w e tak e N

r

o dd. The discrete Laplacian

on the full grid w ould b e a ( N

r

� 1) N

�

� ( N

r

� 1) N

�

matrix comp osed of

Kronec k er pro ducts. Ho w ev er, in view of the symmetry condition (11.2), w e

will discard the p ortions of the matrix arising from regions I I I and IV as re-

dundan t. (One could equiv alen tly discard regions I I and IV; that is F orn b erg's

c hoice.) Still, their e�ects m ust b e added in to the Kronec k er pro ducts. W e

do this b y dividing our usual matrices for di�eren tiation with resp ect to r in to

blo c ks. Our second deriv ativ e in r is a matrix of dimension ( N

r

� 1) � ( N

r

� 1),

whic h w e break up as follo ws:

e

D

2

r

=

0

B

B

B

B

B

B

B

@

D

1

D

2

D

3

D

4

1

C

C

C

C

C

C

C

A

r > 0 r < 0

r > 0

r < 0  discarded

 added together
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Similarly w e divide up the �rst deriv ativ e matrix:

e

D

r

=

0

B

B

B

B

B

B

B

@

E

1

E

2

E

3

E

4

1

C

C

C

C

C

C

C

A

r > 0 r < 0

r > 0

r < 0  discarded

 added together

Our second deriv ativ e with resp ect to � is the matrix D

(2)

�

of (3.12), of dimen-

sion N

�

� N

�

, and this do es not need to b e sub divided. All together, follo wing

(11.5), our discretization L of the Laplacian in p olar co ordinates tak es the

form

L = ( D

1

+ R E

1

) 


�

I 0

0 I

�

+ ( D

2

+ R E

2

) 


�

0 I

I 0

�

+ R

2


 D

(2)

�

;

where I is the N

� = 2

� N

� = 2

iden tit y and R is the diagonal matrix

R = diag

�

r

� 1

j

�

; 1 � j � ( N

r

� 1) = 2 :

Program 28 implemen ts this metho d. The results in Output 28 sho w four

of the eigenmo des of the Laplacian on a disk. The eigen v alues, scaled relativ e

to the lo w est one, are accurate to the full precision listed. The eigenmo des

are sp ectrally accurate to o; as usual, the roughness of the plot is caused b y

our displa ying the ra w grid data rather than the sp ectral in terp olan t.

T o giv e a fuller picture of the captiv ating b eha vior of this w ell-kno wn

problem, Output 28b plots no dal lines of the �rst 25 eigenmo des of the same

op erator. The co de that generated this �gure w as the same as Program 28,

except that the mesh and text commands w ere deleted, view(0,20) w as

c hanged to view(90,0) , index = [1 2 6 9] and i = 1:4 w ere c hanged to

index = 1:25 and i = 1:25 , and the subplot command w as c hanged to a

v arian t of subplot(5,5,i) that placed the 25 images close to one another.

Ha ving succeeded in discretizing the Laplacian on the unit disk, w e can

easily apply it to the solution of other tasks b esides calculation of eigenmo des.

F ollo wing the pattern of Program 16 (p. 70), for example, w e can solv e the

P oisson equation

� u = f ( r ; � ) = � r

2

sin( � = 2)

4

+ sin(6 � ) cos( � = 2)

2

b y solving a linear system of equations. There is no sp ecial signi�cance to

this righ t-hand side; it w as pic k ed just to mak e the picture in teresting. The

solution is computed in Program 29.
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Program 28

% p28.m - eigenmodes of Laplacian on the disk (compare p22.m)

% r coordinate, ranging from -1 to 1 (N must be odd):

N = 25; N2 = (N-1)/2;

[D,r] = cheb(N);

D2 = D^2;

D1 = D2(2:N2+1,2:N2+1); D2 = D2(2:N2+1,N:-1:N2+2);

E1 = D(2:N2+1,2:N2+1); E2 = D(2:N2+1,N:-1:N2+2);

% t = theta coordinate, ranging from 0 to 2*pi (M must be even):

M = 20; dt = 2*pi/M; t = dt*(1:M)'; M2 = M/2;

D2t = toeplitz([-pi^2/(3*dt^2 )-1/ 6 ...

.5*(-1).^(2:M)./sin(dt*(1 :M-1 )/2 ).^2 ]);

% Laplacian in polar coordinates:

R = diag(1./r(2:N2+1));

Z = zeros(M2); I = eye(M2);

L = kron(D1+R*E1,eye(M)) + kron(D2+R*E2,[Z I;I Z]) ...

+ kron(R^2,D2t);

% Compute four eigenmodes:

index = [1 2 6 9];

[V,Lam] = eig(-L); Lam = diag(Lam); [Lam,ii] = sort(Lam);

ii = ii(index); V = V(:,ii);

Lam = sqrt(Lam(index)/Lam(1)) ;

% Plot eigenmodes with nodal lines underneath:

[rr,tt] = meshgrid(r(1:N2+1),[0;t ]);

[xx,yy] = pol2cart(tt,rr);

z = exp(1i*pi*(-100:100)/100) ;

[ay,ax] = meshgrid([.58 .1],[.1 .5]); clf

for i = 1:4

u = reshape(real(V(:,i)),M, N2);

u = [zeros(M+1,1) u([M 1:M],:)];

u = u/norm(u(:),inf);

subplot('position',[ax( i) ay(i) .4 .4])

plot(z), axis(1.05*[-1 1 -1 1 -1 1]), axis off, hold on

mesh(xx,yy,u)

view(0,20), colormap([0 0 0]), axis square

contour3(xx,yy,u-1,[-1 -1])

plot3(real(z),imag(z),- abs( z))

text(-.8,4,['Mode ' int2str(index(i))],'fonts ize' ,9)

text(-.8,3.5, ['\lambda = ', num2str(Lam(i),...

'%16.10f')],'fontsize',9)

end
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Output 28

�  = 1.0000000000
Mode 1

�  = 1.5933405057
Mode 2

�  = 2.2954172674
Mode 6

�  = 2.9172954551
Mode 9

Output 28: Eigenmo des of the L aplacian on the unit disk, with no dal curves

plotte d underne ath. Despite the c o arse grid, the eigenvalues ar e ac cur ate to

ten digits.

Summa ry of this chapter. Problems p osed in ( r ; � ) p olar co ordinates can b e

solv ed b y sp ectral metho ds b y using a Cheb yshev discretization for r and a

F ourier discretization for � . T o w eak en the co ordinate singularit y at r = 0,

one approac h is to tak e r 2 [ � 1 ; 1] instead of r 2 [0 ; 1].
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Output 28b
















































































